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Abstract State-of-the-art clustering algorithms provide little insight into the rationale for cluster membership, limiting
their interpretability. In complex real-world applications, the latter poses a barrier to machine learning adoption when
experts are asked to provide detailed explanations of their algorithms’ recommendations. We present a new unsupervised
learning method that leverages Mixed Integer Optimization techniques to generate interpretable tree-based clustering
models. Utilizing a flexible optimization-driven framework, our algorithm approximates the globally optimal solution
leading to high-quality partitions of the feature space. We propose a novel method which can optimize for various
clustering internal validation metrics and naturally determines the optimal number of clusters. It successfully addresses
the challenge of mixed numerical and categorical data and achieves comparable or superior performance to K-means on
both synthetic and real-world datasets while offering significantly higher interpretability.
Keywords Clustering · Interpretability · Unsupervised Learning · Mixed Integer Optimization

1 Introduction
Clustering is the unsupervised classification of patterns, observations, data items, or feature vectors, into groups. The
clustering problem has been addressed in many machine learning contexts where there is no clear outcome of interest,
such as data mining, document retrieval, image segmentation, and pattern classification; this reflects its broad appeal
and usefulness in exploratory data analysis (Hastie et al. 2009). In many such problems, there is little prior information
available about the data, and the decision-maker must make as few assumptions about the data as possible. It is under
these restrictions that clustering methodology is particularly appropriate for the exploration of relationships between
observations to make an assessment, perhaps preliminary, of their structure.
Unlike supervised classification, there are no class labels and thus no natural measure of accuracy. Instead, the goal
is to group objects into clusters based only on their observable features, such that each cluster contains objects with
similar properties and different clusters have distinct features. Existing approaches to clustering data can be primarily
dichotomized between hierarchical and partitional. Hierarchical methods produce a nested series of partitions (Sneath
et al. 1973), while partitional methods, such as K-means (MacQueen 1967), produce only one.
The end product of a clustering algorithm is a partition of the dataset. In some cases, this final cluster assignment is
sufficient for the machine learning purpose, such as when one wants to simply assess the separability of the data points
into distinct clusters or use it as a pre-processing step in certain prediction tasks. However, in many other decisionmaking applications, there is a need to interpret the resulting clusters and characterize their distinctive features in a
compact form (Forgy 1965). For example, consider a medical setting in which we seek to group similar patients together
to understand subgroups within a patient base. In this application, it is critical to understand how the resulting clusters
differ, whether by demographics, diagnoses, or other factors.
While the importance of cluster interpretability is well-understood, there has been limited success in addressing
the issue (Doshi-Velez and Kim 2017). The notion of cluster representation was introduced by Duran BS (1974) and
was subsequently studied by Diday and Simon (1976) and Stepp and Michalski (1986). The representation of a cluster
of points by their centroid has been popular across various applications (Radev et al. 2004). This works well when
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the clusters are compact or isotropic. However, when the clusters are elongated or non-isotropic, then this schema
fails to represent them properly (Jain et al. 1999). Another common approach is the visualization of clusters onto a
two-dimensional graph using principle component analysis (PCA) projections (Jolliffe 2011; Rao 1964). However, in
reducing the dimensionality of the feature space, PCA obscures the relationship between the clusters and the original
variables.
Tree-based supervised learning methods, such as CART, (Breiman et al. 1984) are a natural fit for problems that prioritize interpretability, since their feature splits and decision paths offer insight into the differentiating features between
members in each leaf. Most recursive partitioning algorithms generate trees in a top-down, greedy manner, which means
that each split is selected in isolation without considering its effect on subsequent splits in the tree. Bertsimas and Dunn
(2017, 2019) have proposed a new algorithm which leverages modern mixed-integer optimization (MIO) techniques to
form the entire decision tree in a single step, allowing each split to be determined with full knowledge of all other splits.
This Optimal Classification Trees (OCT) algorithm enables the construction of decision trees for classification and regression that have performance comparable with state-of-the-art methods such as random forests and gradient boosted
trees without sacrificing the interpretability offered by a single tree.
A general hybrid approach involves such methods by first running a partitional or hierarchical clustering method
and subsequently assigning the resulting assignments as class labels. The data can then be fit using a classification tree,
in which each leaf is given a cluster label based on the most common assignment of observations in that leaf, and the
decision paths leading to each cluster’s leaves give insight into the differentiating features (Jain et al. 1999). Hancock
et al. (2003) use decision trees to interpret and refine hierarchical clustering results for global sea surface temperatures.
While these trees give an explicit delineation of cluster attributes, the methods involve a two-step process of first building
the clusters and subsequently identifying their differentiating features. Thus, the main clustering mechanism utilizes a
different architecture compared to the decision tree which might be hard to capture with univariate feature splits.
Several algorithms have been proposed to build interpretable clusters, where interpretability is a consideration during cluster creation rather than considered as a later analysis step. Liu et al. (2000) introduced a tree-based approach,
in which the clustering problem is translated into a supervised problem that is amenable to decision tree construction.
A modified purity criterion is used to evaluate splits in a way that identifies dense regions as well as sparse regions.
However, this approach did not consider the unsupervised learning task as the primary objective. Chavent et al. (1999)
also presented a method that constructs binary clustering trees, which are characterized by a novel transformation of
the feature space. Further efforts, focused on alternative measures for feature selection in the transformation function as
well as new algorithmic implementation schemes (Basak and Krishnapuram 2005). Moreover, Fraiman et al. (2013) developed a CART-based clustering algorithm, “Clustering using unsupervised binary trees” (CUBT) which forms greedy
splits to optimize a cluster heterogeneity measure. Though this algorithm makes progress towards the goal of constructing clusters directly using trees, CUBT employs a greedy splitting approach and does not offer flexibility in the choice
of cluster validation criterion.
The need for accurate and interpretable machine learning methods is undoubtedly present, being voiced even from
regulatory organizations such as the European Union (Goodman and Flaxman 2016). Even though the tree-based methods have been introduced, there has not been developed an interpretable unsupervised learning algorithm that can accurately partition the feature space both for numerical and categorical data.

1.1 Contributions
Motivated by the limitations of existing solutions to interpretable clustering, we develop a novel tree-based unsupervised
learning method that utilizes traditional optimization and machine learning techniques and achieves comparable or
superior performance when compared to the K-means algorithm. Our contributions are as follows:
1. We provide an MIO formulation of the unsupervised learning problem that leads to the creation of globally optimal
clustering trees, motivating our new algorithm Interpretable Clustering via Optimal Trees (ICOT). Our method
builds upon the OCT algorithm (Bertsimas and Dunn 2017, 2019) and extends it to the unsupervised setting. In
ICOT, interpretability is taken into consideration during cluster creation rather than considered as a later analysis
step.
2. We provide an implementation of our method with an iterative coordinate-descent approach that scales to larger
problems, well-approximating the globally optimal solution. We use widely two established validation criteria, the
Silhouette Metric (Rousseeuw 1987) and the Dunn Index (Dunn 1974), as the algorithm’s objective function. We
propose additional techniques that leverage the geometric principles of cluster creation to further improve its efficiency.
3. We develop our algorithm in a way such that tuning of the tree’s complexity is redundant. This is enabled by the
fact that our loss functions take into account both the intra-cluster density as well as the inter-cluster separation.
The user can optionally tune the algorithm by selecting the maximum depth of the tree and the minimum number of
observations in each cluster.
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4. We propose a solution to the incorporation of both mixed numerical and categorical data. Our re-weighted distance
measure prevents a single variable type from dominating the distance calculation and allows users to optionally tune
the balance the two types of covariates.
5. We evaluate the performance of our method against K-means and a two-step supervised method across synthetic
datasets from the Fundamental Clustering Problems Suite (FCPS) (Ultsch 2005) which offer different levels of
variance and compactness. We demonstrate its superior performance against the two-step method across both the
Dunn Index and Silhouette Metric, offering a 282% and 17% score improvement respectively. We also observe an
improvement over K-means when training on the Dunn Index (8.8%) with a slight loss on the Silhouette Metric
(-4.2%).
6. Finally, we provide examples of how the algorithm can be used in real-world settings. We perform clustering on
patients at risk of cardiovascular disease from the Framingham Heart Study (FHS) dataset (Daniel Levy 2006;
Feinleib et al. 1975) to identify similar patient profiles, we cluster Hubway rides (Bertsimas et al. 2016) as a market
segmentation task and group economic profiles of European countries during the Cold War (Krim and Hamza 2015).
We analyze the model of ICOT compared to K-means and OCT in two of the cases and to CUBT in one of them.
We discuss the interpretability of the methods as well as their performance on the internal validation criteria.
The structure of the paper is as follows. In Section 2, we formulate the problem of optimal tree creation within
an MIO framework. Section 3 provides a comprehensive description of the algorithm implementation. In Sections 4
and 5, we conduct a range of experiments using synthetic and real-world datasets to evaluate the performance and
interpretability of our method compared to other state-of-the-art algorithms. In Section 6 we discuss the key findings
from our work and in Section 7 we include our concluding remarks.

2 MIO Formulation
In this section, we present an MIO approach which allow us to construct globally optimal tree-based models in an unsupervised learning setting. In Section 2.1, we provide an overview of the MIO framework introduced by Bertsimas and
Dunn (2017, 2019). Section 2.2 introduces the validation criteria that are used as objective functions in the optimization
problem. In Section 2.3, we outline the complete ICOT formulation for one of the loss functions considered.

2.1 The OCT Framework
The OCT algorithm formulates tree construction using MIO which allows us to define a single problem, as opposed
to the traditional recursive, top-down methods that must consider each of the tree decisions in isolation. It allows us to
consider the full impact of the decisions being made at the top of the tree, rather than simply making a series of locally
optimal decisions, avoiding the need for pruning and impurity measures.
We are given the training data (X, Y), containing n observations (xi , yi ), i = 1, . . . , n, each with p features and a class
label yi ∈ {1, . . . , K} as an indicator of which of the K potential labels is assigned to point i. We assume without loss
of generality that the values of each training vector are normalized such that xi ∈ [0, 1] p . A decision tree recursively
partitions the feature space to identify a set of distinct, hierarchical regions that form a classification tree. The final tree
T is comprised of nodes that can be categorized in:
– Branch Nodes: Nodes t ∈ TB apply a split with parameters a and b. For observation i, if the corresponding vector
xi satisfies the relation aT xi < b, the point will follow the left branch from the node. Otherwise it takes the right
branch.
– Leaf Nodes: Nodes t ∈ TL assign a class to all the points that fall into them. Each leaf node is characterized by one
class which is generally determined by the most frequently occurring class among the observations that belong to it.
First, we formally define the constraints that construct the decision tree. We use the notation p(t) to refer to the parent
node of node t, and A(t) to denote the set of ancestors of node t. We define the split applied at node t ∈ TB with variables
at ∈ R p and bt ∈ R. The vector at indicates which variable is chosen for the split, meaning that a jt = 1 for the variable
j used at node t. bt gives the threshold for the split, which is between [0, 1] after normalization of the feature vector. If a
branch node does not apply a split, then we model this by setting at = 0 and bt = 0. Together, these form the constraint
atT x < bt . The indicator variables dt are set to 1 for branch nodes and 0 for leaf nodes. Using the above variables, we
introduce the following constraints that allows us to model the tree structure (for a detailed analysis of the constraints,
see Bertsimas and Dunn (2017, 2019)):
p

∑ a jt = dt , ∀t ∈ TB ,

(1)

0 ≤ bt ≤ dt , ∀t ∈ TB ,

(2)

a jt ∈ {0, 1}, j = 1, . . . , p, ∀t ∈ TB

(3)

j=1
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We next enforce the hierarchical structure of the tree. Branch nodes are allowed to apply a split only if their parent nodes
apply a split:
dt ≤ d p(t) , ∀t ∈ TB \{1}

(4)

Next we present the corresponding constraints that track the allocation of points to leaves. For this purpose, we introduce
the indicator variables zit = 1{xi is in node t} and lt = 1{leaf t contains any points}. We let Nmin be a constant that defines
the minimum number of observations required in each leaf. We apply the following constraints:
zit ≤ lt , ∀t ∈ TL ,

(5)

∑ zit ≥ Nmin lt , ∀t ∈ TL

(6)

n

i=1

We also enforce each point to belong to exactly one leaf:

∑

zit = 1, i = 1, . . . , n

(7)

t∈TL

Finally, we introduce constraints that force the assignments of observations to leaves to obey the structure of the tree
given by the branch nodes. We want to apply a strict inequality for points going to the lower leaf. To accomplish this,
we define the vector ε ∈ R p as the smallest separation between two observations in each dimension p, and εmax as the
maximum over this vector.

a|m (xi + ε) ≤ bt

a|m xi ≥ bt − (1 − zit ), i = 1, . . . , n,

∀t ∈ TB ,

∀m ∈ AR (t)

(8)

+ (1 + εmax )(1 − zit ), i = 1, . . . , n,

∀t ∈ TB ,

∀m ∈ AL (t)

(9)

In the classification setting the objective function of MIP formulation is comprised of two components, prediction
accuracy and tree complexity. The tradeoff between those two parameters is controlled by the complexity parameter α.
Given the training data (xi , yi ), i = 1 . . . n, a general formulation of the objective function is the following:
minimize
T

Rxy (T ) + α|T |

where Rxy (t) is a loss function assessed on training data and |T | is the number of branch nodes in the tree T .
The above model can be used as an input for an MIO solver. Empirical results suggest that such a model leads to
optimal solutions in minutes when the maximum depth of the tree is small (approximately 4). Effectively, the rate of
finding solutions is directly dependent to the number of binary variables zit and therefore a faster implementation was
needed for more complex problems. For this reason, the authors introduced the idea of warm starts as the initial starting
point of the method. Using a high-quality integer feasible solution as a warm start increases the speed of the algorithm
and provides a strong initial upper bound on the final solution. In addition, heuristics, like local search, allow a further
speed up as shown in (Bertsimas and Dunn 2017, 2019) that leads to a good approximation of the optimal solution.

2.2 Loss Functions for Cluster Quality
Clustering validation, the evaluation of the quality of a clustering partition (Maulik and Bandyopadhyay 2002), has long
been recognized as one of the vital issues essential to the success of a clustering application (Liu et al. 2010a). External
clustering validation and internal clustering validation are the two main categories of clustering quality metrics. The
main difference lies on whether or not external labels are used to assess the clusters, whereas internal measures evaluate
the goodness of a clustering structure without respect to ground-truth labels (Larose and Larose 2014). An example
of external validation measure is entropy, which evaluates the “purity” of clusters based on the given class labels (Wu
et al. 2009). True class labels are not present in real-world datasets, and thus these cases necessitate the use of internal
validation measures for cluster validation.
We will consider two internal validation measures as loss functions for our MIO formulation of our problem. The
chosen loss functions consider the global assignment of observations to clusters. The score of a clustering assignment
depends on both the compactness of the observations within a single cluster, as well as its separation from observations in
other clusters. Compactness measures how closely related the objects in a cluster are. Separation measures how distinct
a cluster is from other clusters. Several internal validation metrics have been proposed to balance these two objectives
(Liu et al. 2010b). Two common criteria, the Silhouette Metric and Dunn Index, are outlined below.

Interpretable Clustering: An Optimization Approach

5

Silhouette Metric The Silhouette Metric introduced by Rousseeuw (1987) compares the distance from an observation to
other observations in its cluster relative to the distance from the observation to other observations in the second closest
cluster. The Silhouette Metric for observation i is computed as follows:
s(i) =

b(i) − a(i)
,
max(b(i), a(i))

(10)

where a(i) is the average distance from observation i to the other points in its cluster, and b(i) is the average distance
from observation i to the points in the second closest cluster. In other words, b(i) = mink b(i, k) where b(i, k) is the
average distance of i to points in cluster k, minimized over all clusters k other than the cluster that point i is assigned to.
From this formula it follows that −1 ≤ s(i) ≤ 1.
When s(i) is close to 1, one may infer that the ith sample has been “well-clustered”, i.e. it was assigned to an appropriate cluster. If observation i has score close to 0, it suggests that it could also be assigned to the nearest neighboring
cluster with similar quality. If s(i) is close to -1, one may argue that such a sample has been assigned to the wrong
partition. These individual scores can be averaged to reflect the quality of the global assignment.

SM =

1 n
∑ s(i),
n i=1

(11)

Dunn Index The Dunn Index (Dunn 1974) characterizes compactness as the maximum distance between observations
in the same cluster, and separation as the minimum distance between two observations in different clusters. The metric
is computed as the ratio of the minimum inter-cluster separation to the maximum intra-cluster distance.
min δ (Ci ,C j )

DI =

1≤i< j≤m

max ∆k

,

(12)

1≤k≤m

where we let the maximum distance of cluster C be denoted by ∆C and the distance between clusters i and j be denoted
by δ (Ci ,C j ). If the dataset contains compact and well-separated clusters, the distance between the clusters is expected
to be large and the diameter of the clusters is expected to be small. Thus, large values of the metric correspond to better
partitions and signify that the distance between clusters is large relative to the distance between points within a cluster.
Note that both of our considered criteria require the definition of at least two clusters since they both involve a pairwise distance computation between clusters to measure separation. As a result, calculations for the null-case are not
considered. The determination of the best internal validation criterion for a given dataset remains an open question in
the field of unsupervised learning theory (Liu et al. 2010a). As stated in Halkidi et al. (2001), the Dunn Index is more
computationally expensive and more sensitive to noisy data compared to the Silhouette Metric. It is also less robust to
outliers compared to the Silhouette Metric which averages an observation-based score for the global assignment. However, empirical results suggest that the Dunn Index has superior performance in returning correct partitions of the data
when they are well-separated.
2.3 The ICOT Formulation
The OCT framework needs to be modified to address an unsupervised learning task. We present changes in the original
MIO formulation of OCT to be able to partition the data space into distinct clusters following the same structure and
notation as in Section 2.1. We outline in detail the model for the Silhouette Metric loss function. The Dunn Index
formulation follows closely and is thus omitted. There are two primary modifications in the ICOT formulation compared
to the OCT:
1. The objective function is comprised solely by the chosen cluster quality criterion, such as the Silhouette Metric,
and does not include any penalty for the tree complexity. The separation component of the validation criterion
naturally controls the complexity of the tree and thus for the ICOT formulation the complexity parameter is rendered
redundant.
2. Each leaf of the tree is equivalent to a cluster. Observations in different leaves are not allowed to belong to the same
cluster.
The objective of the new formulation is to maximize the Silhouette Metric SM of the overall partition. The Silhouette
Metric quantifies the difference in separation between a point and points in its cluster, versus the separation between
that point and points in the second closest cluster.
Let di j be the distance (i.e. Euclidean) of observation i from observation j. We define Kt to be number of points
assigned assigned to cluster t.
n

Kt = ∑ zit , ∀t ∈ TL
i=1

(13)
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We define cit to be the average distance of observation i from cluster t:

cit =

1
Kt

n

∑ di j z jt , ∀i = 1, . . . , n, t ∈ TL .

(14)

j=1

We define ri to be the average distance of observation i from all the points assigned in the same cluster:

ri =

∑

cit zit , ∀i = 1, . . . , n.

(15)

t∈TL

We then let qi denote the minimum average distance of observation i to the observations from the next closest cluster.
We define auxiliary variables γit to enforce this constraint, such that γit an indicator of whether t is the second closest
cluster for observation i.
qi ≥

∑

γit cit , i = 1, . . . , n.

(16)

t∈TL

∑

γit = 1, i = 1, . . . , n.

(17)

t∈TL

γit ≤ M(1 − zit ), i = 1, . . . , n, ∀t ∈ TL .

(18)

Finally, to define the Silhouette Metric of observation i, we will need the maximum value between ri and qi which
normalizes the metric.
mi ≥ ri , i = 1, . . . , n.

(19)

mi ≥ qi , i = 1, . . . , n.

(20)

The score for the Silhouette Metric for each observation is computed as s(i) and the overall score for the clustering
assignment is then the average overall all the Silhouette Metric scores from the training population:

si =

qi − ri
, i = 1, . . . , n.
mi

SM =

1 n
∑ si .
n i=1

Putting all of this together gives the following MIO formulation for the ICOT model:

(21)

(22)
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1 n
∑ si
n i=1
qi − ri
si =
,
mi
mi ≥ qi ,
−

i = 1, . . . , n,
i = 1, . . . , n,

mi ≥ ri ,
qi ≥

i = 1, . . . , n,
γit cit ,

∑

i = 1, . . . , n,

t∈TL

γit = 1,

∑

i = 1, . . . , n,

t∈TL

γit ≤ M(1 − zit ),

i = 1, . . . , n, ∀t ∈ TL ,

cit zit ,

i = 1, . . . , n,

ri =

∑

∀t∈TL
n

cit =

1
Kt

∑ di j z jt ,

i = 1, . . . , n, ∀t ∈ TL ,

j=1

n

∀t ∈ TL ,

Kt = ∑ zit
i=1

p

∑ a jt = dt ,

∀t ∈ TB ,

0 ≤ bt ≤ dt ,

∀t ∈ TB ,

j=1

∀t ∈ TB \{1},

dt ≤ d p(t) ,

∀t ∈ TL ,

zit ≤ lt ,
n

∀t ∈ TL ,

∑ zit ≥ Nmin lt ,

i=1

∑

zit = 1, i = 1, . . . , n,

t∈TL

a|m xi ≥ bt − (1 − zit ),

i = 1, . . . , n, ∀t ∈ TB , m ∈ AR (t),

a|m (xi + ε) ≤ bt

i = 1, . . . , n, ∀t ∈ TB , ; m ∈ AL (t),

+ (1 + εmax )(1 − zit ),

a jt , dt ∈ {0, 1},

j = 1, . . . , p, ∀t ∈ TB ,

zit , lt ∈ {0, 1},

i = 1, . . . , p, ∀t ∈ TL ,

γit ∈ {0, 1},

i = 1, . . . , n, ∀t ∈ TL .

(a) Greedy Tree Approach

(b) ICOT Approach

Fig. 1 An illustration in a synthetic example of a local optimum that a greedy unsupervised learning algorithm might
converge to. ICOT’s approach takes a global view over the dataset, avoiding such pitfalls. A globally optimal partition
has Silhouette Metric score equal to 0.758 whereas the greedy tree yields only 0.688.
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3 Algorithm Overview
In this section, we outline the practical details of the algorithm implementation. Section 3.1 describes ICOT’s coordinatedescent algorithm that approximates the globally optimal solution in an efficient and intuitive manner. Section 3.2
addresses the challenge of computing distance scores in the presence of mixed numerical and categorical variables and
introduces a solution for appropriately handling distance in this setting. Finally, in Section 3.3 we propose two heuristics
in our algorithm implementation which leverage the underlying structure of the data to more quickly traverse the search
space and identify high-quality solutions.

3.1 Coordinate-Descent Implementation
The MIO formulation provides the optimization framework for our problem solving approach. In practice, the algorithm
is implemented using a coordinate-descent procedure which allows it to scale to much higher dimensions than directly
solving the optimization problem. The implementation provides a good approximation of the optimal solution while still
abiding by the same core principles of the original formulation.
ICOT initializes a greedy tree and subsequently runs a local search procedure until the objective value, a cluster
quality measure, converges. This process is repeated from many different starting greedy trees, generating many candidate clustering trees. The final tree is chosen as the one with the highest cluster quality score across all candidate trees.
This single tree is returned as the output of the algorithm.
The initial greedy tree is constructed from a single root node. A split is made on a randomly chosen feature by
scanning over all potential thresholds for splitting observations into the lower and upper leaves. At each candidate split,
we compute the global score for the potential assignment. We choose the split threshold that gives the highest score and
update the node to add the split if this score improves upon the global score of the current assignment. We perform the
same search for each leaf that gets added to the tree, continuing until either the maximum tree depth is reached or no
further improvement in our objective value is achieved through further splitting on a leaf.
Following the creation of the greedy tree, a local search procedure is performed to optimize the clustering assignment. Tree nodes are visited in a randomly chosen order, and various modifications are considered. A branch node has
two options; it can be deleted, in which case it is replaced with either its lower or upper subtree, or a new split can be
made at the node using a different feature and threshold. A leaf node can be further split into two leaves. At each considered node, the algorithm finds the best possible change and updates the tree structure only if it improves the objective
from its current value. All nodes get added back to the list of nodes to search once an improvement has been found. The
algorithm terminates when the objective value converges. The algorithm is explained further in Algorithm 1.
Algorithm 1 ICOT Algorithm.
Input: Feature vectors x1 , . . . , xn
Output: Cluster assignments y1 , . . . , yn
1: Initialize a greedy tree, with clusters c1 , . . . , cK and loss l0 .
2: Indices to search: S = {1, . . . , K}; Loss: l = l0 .
3: while S not empty do
4:
for all k ∈ S do
5:
if Ck is leaf node then
6:
Find best possible new split with loss l.ˆ
7:
else
8:
Find best possible node modification, either through a different split or split deletion, with loss l.ˆ
9:
end if
10:
if lˆ < l then
11:
Update tree and add all leaves to S. l ← l.ˆ
12:
else
13:
Remove k from S.
14:
end if
15:
end for
16: end while

The ICOT algorithm search procedure is illustrated through a two-dimensional example in Figure 2. In this example
we cluster observations from the Ruspini dataset (Ruspini 1970) which is commonly used in clustering. In Figure 2a,
the algorithm identifies the best candidate splits on both features, x1 and x2 , at the root node, and then compares their
resultant cluster scores, as measured by the Silhouette Metric. The x2 split provides a better cluster assignment, so that
split is chosen as denoted by the solid line. After the first split, splits are considered for each of the child nodes, which
corresponds to further separating the lower and upper halves of the graph. After identifying candidate x1 and x2 splits
on the left child node, the x1 split is chosen based on the Silhouette Metric of the global cluster assignment, as shown in
Figure 2b. The process is then completed for the right child node, and an x1 split is also chosen here in Figure 2c. Now,
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each of the four leaves is evaluated, which corresponds to exploring splits in the four quadrants defined by the solid blue
lines. There are no splits within any of these four leaves that improve the overall score of the clustering assignment, so
the algorithm is complete. The final tree is shown in Figure 2d. The resultant tree provides a final partition which clearly
elucidates the distinguishing features of each group.

(a) Root Node

(b) Left Child Node

(c) Right Child Node

(d) Final Tree

Fig. 2 Example of ICOT on the Ruspini Dataset

The user can specify to optimize either the Silhouette Metric or Dunn Index described in Section 2.2. These metrics
penalize low separation, which naturally limits the depth of the tree. In traditional tree-based algorithms such as CART
or OCT, the loss function improves with successive tree splits. Thus, these methods require a pruning step or additional
parameter, such as a complexity penalty of maximum depth, to control the tree size. ICOT does not require the explicit
control of tree size due to this natural balance between separation and compactness in the cluster quality metrics. This
eliminates the need for setting an explicit K parameter, which is typically required in both partitional and hierarchical
clustering methods. The tree continues to split until further splits no longer improve the quality of the overall assignment,
and so the final number of leaves represents the optimal number of clusters.
The user can enforce further structure on the tree through setting the optional minimum bucket parameter, NC .
This controls the minimum number of observations that are required in each leaf and effectively in each cluster. Note
that there is not a monotonic relationship between the magnitude of NC and the number of leaves (clusters) generated
by the algorithm. Smaller minimum buckets may lead to smaller cluster counts due to the positive effect of isolated
outlier clusters on the metrics; overfitting is difficult to quantify in an unsupervised learning setting because there is no
ground truth to compare against, and thus the metrics do not naturally penalize single outliers. Thoughtful choice of the
minimum bucket parameter allows ICOT to avoid creating clusters of single or small sets of outliers, which often lack
meaning and generalizability in grouping tasks. Traditional methods, such as K-means, deal with outliers by increasing
the K parameter and forcing the algorithm to provide with a higher number of clusters. NC can significantly affect the
clustering solution and should be cross-validated or experimented on in order to get accurate and intuitive results from
ICOT. The maximum depth can be used to impose an upper bound on the number of clusters if desired, although this
parameter does not address potential outlier issues.

3.2 Mixed-Variable Handling
Both the Silhouette Metric and Dunn Index assess the quality of a given cluster assignment using the pairwise distance
matrix of the observations. Distance is quantified differently for numerical and categorical variables and thus must
be adjusted appropriately in the presence of mixed variable types. In the case of continuous features, the data are first
normalized to be in the [0, 1] range. The pairwise numerical distance matrix d N is computed using the Euclidean distance
between each pair of normalized variables. In the case of categorical features, distance is defined based on whether the
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observations take on different values. For example, if one observation takes on category A and another observation takes
on category B on a given feature, the distance on this feature will be 1. The distance is zero if the observations take on
the same value. For each pair of observations, these indicators are summed over all categories to define the categorical
feature distance matrix dC .
When the feature space includes both numerical and categorical variables, special consideration must be given
to avoid over-weighting the categorical variables. In particular, categorical variables are often one-hot encoded (i.e.
converted to binary 0/1 columns) to allow them to be treated as numerical in machine learning methods. This adjustment
is insufficient in our case as it will result in placing too high of an importance on the categorical distance.
We handle this issue by taking a linear combination of the two separate distance matrices for numerical and categorical variables. We first compute separate distance matrices for the numerical and categorical features. We let SN denote
the set of indices for the numerical features, and SC denote the categorical indices. The computations for d N and dC are
explicitly defined in Equations 23 and 24.
s
N
(23)
di j =
∑ (xki − xkj )2
k∈SN

diCj =

∑ 1{xki 6= xkj }

(24)

k∈SC

We then compute the final distance matrix by taking a linear combination of these two matrices, given in Equation 25.
di j = αdiNj + (1 − α)diCj

(25)

|SN |
. The
|SN |+|SC |
user can also specify an alternative α parameter. At α = 1, the distance matrix only accounts for numerical covariates,
whereas α = 0 only considers disagreements in categorical variables.
By default, the two distances are weighted according to their proportion of all covariates, so α =

3.3 Scaling Methods
Our coordinate-descent procedure is more computationally intensive than the original OCT algorithm due to unique
characteristics of clustering. In particular, we must compute a global clustering quality score at each split threshold evaluation, unlike classification tasks in which the loss change for a potential split can be assessed locally at the node. This
global score assessment involves higher computational effort per split evaluation and thus motivates the development of
more efficient search procedures. We propose two scaling methods to take advantage of the geometric intuition behind
cluster creation as well as existing clustering methods.

3.3.1 Restricted Geometric Search Space
ICOT leverages the geometric structure of the feature space by restricting the set of candidate splits to those with
sufficient separation. An exhaustive search of candidate splits on a given numerical feature requires nk − 1 threshold
evaluations, where nk is the number of observations in a given node. This is due to the fact that there are exactly nk − 1
different possible partitions of the data on the given feature at node k (less if multiple observations have the same value
on this feature).
To improve the efficiency of our algorithm, we only consider a subset of these thresholds. For any feature, we
refer to a threshold’s gap as the separation between the observations directly below and above it. Since the quality of a
clustering assignment is directly tied to the distance separating distinct clusters, the cluster quality will be superior when
considering thresholds with large gaps. We take advantage of this intuition by skipping over thresholds with small gaps.
We control the extent of search space restriction through the parameter T . When considering a numerical feature
split at node k, all threshold gaps for observations in the node are sorted (nk − 1 values). Only thresholds above the T th
percentile of gap size are considered. For example, if T = .9 and nk = 100, only the thresholds with the 10 largest gaps
are considered, reducing the number of computations per node by 90%.
Figure 3 provides an illustration of how the Restricted Geometric Search would be applied in a simple example.
When T = 0.7, ICOT will investigate only the top 30% of the gaps between observations. Thus only the larger, bold,
gaps would be potential splits for a branch node that considers the covariate corresponding to the horizontal axis.
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Fig. 3 An example of the Restricted Geometric Search Function

3.3.2 K-means Warm Start
We also employ warm starts to more efficiently identify high-quality clustering trees. We leverage the K-means algorithm to partition the data into clusters and use OCT to generate a tree that reasonably separates these clusters. This
becomes the starting point of ICOT’s coordinate descent algorithm. The algorithm first runs K-means on the original
data across various K parameters and selects the assignment that optimizes our chosen cluster quality criterion. The
resulting assignments are used as class labels for the construction of a supervised classification tree using OCT. ICOT’s
coordinate-descent procedure then begins from the resultant OCT tree rather than a greedy tree. Each leaf from the OCT
tree becomes a separate cluster when initializing the ICOT algorithm, even though the predicted class labels may match
between multiple leaves. Overall, the K-means warm start expedites tree initialization and improves the efficiency of the
search procedure.

4 Synthetic Experiments
In this section, we present results of ICOT across various synthetic datasets. We use these experiments to assess our
algorithm on both accuracy and scalability. Section 4.1 compares ICOT to other popular clustering alternatives in terms
of their ability to recover high-quality clustering assignments when training on both the Silhouette Metric and Dunn
Index. We also examine the tradeoff between the two metric scores when training on one and evaluating on the other.
Section 4.2 demonstrates the impact of our scaling methods on algorithm runtime.

4.1 True Label Recovery
We evaluated ICOT on the Fundamental Clustering Problems Suite datasets (FCPS) (Ultsch 2005), a standard set of
synthetic datasets for unsupervised learning evaluation. These datasets have ground truth cluster labels, which allow
for an objective comparison of cluster quality. In these experiments, we look to assess the various methods in terms of
their recovery of high-quality solutions, as measured by both the Silhouette Metric and Dunn Index. We additionally
investigate the performance of the “true” cluster labels on both of these criteria.
We considered three methods: ICOT, K-means, and the two-step K-means and OCT hybrid approach, in which Kmeans clusters serve as class labels for a supervised classification problem. The latter method replicates the K-means
warm start described in Section 3.3, but does not further optimize the clustering tree as in ICOT. These methods serve
as benchmarks: K-means is the current standard clustering practice, and the hybrid approach represents a method of
building interpretable clustering trees as a two-step process using existing methods. We are unable to present synthetic
comparisons to other recent work in interpretable clustering, such as CUBT, as there are no available implementations
of the algorithms. We present results of ICOT against the CUBT experiments presented by Fraiman et al. (2013) in
Section 5.3.
Table 1 shows the results of these methods along with the true FCPS labels, evaluated with both the Silhouette
Metric and Dunn Index. Our results only consider nine of the 10 FCPS datasets, as the tenth contains no true clusters
and thus does not offer insight into clustering algorithms.
ICOT dominates the supervised learning method in all cases for both metrics, offering an average Silhouette Metric
improvement of 25.7% and Dunn Index improvement of 656% over OCT. This demonstrates the advantage of building
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Dataset
Atom
Chainlink
EngyTime
Hepta
Lsun
Target
Tetra
TwoDiam.
WingNut

(N,P)
(800,2)
(1000,2)
(4096,2)
(212,3)
(400,2)
(770,2)
(400,3)
(800,2)
(1070,2)

ICOT
0.498
0.395
0.573*
0.455
0.553
0.629*
0.504*
0.486*
0.422

Silhouette Metric
K-Means
OCT
0.601*
0.441
0.405*
0.280
0.438
0.410
0.702*
0.373
0.568*
0.497
0.587
0.421
0.504*
0.286
0.486*
0.486*
0.423*
0.395

Truth
0.311
0.158
0.398
0.702*
0.439
0.295
0.504
0.486
0.384

ICOT
0.137*
0.026*
0.064*
0.357
0.117*
0.550*
0.200*
0.044*
0.063*

Dunn Index
K-Means
OCT
0.029
0.027
0.018
0.013
0.003
0.001
1.076*
0.027
0.035
0.043
0.025
0.011
0.200*
0.052
0.022
0.022
0.024
0.009

Truth
0.371
0.265
0.000
1.076
0.117
0.253
0.200
0.022
0.063

Table 1 Comparison of Methods on FCPS Datasets
The asterisks indicate the best score across all algorithms for each criterion.

clusters directly through a tree-based approach rather than using a two-step supervised learning method that applies a
tree to cluster labels a posteriori.
ICOT matches or outperforms K-means in 8/9 cases with the Dunn Index and 4/9 cases with the Silhouette Metric. It
surpasses K-means on the Dunn Index by an average of 8.8%, but yields slightly lower scores than the Silhouette Metric,
with an average loss of 4.2%. In particular, we are unable to recover the true structure when the underlying clusters are
non-separable with parallel splits, since ICOT places hard constraints on an observation’s cluster membership based on
splits in feature values. In these cases, such as with the Atom and Hepta datasets, the flexibility offered by K-means is
advantageous.
Cluster quality evaluation is highly dependent on the chosen metric; ICOT identifies “better” clusters than the ground
truth in 5 of 9 cases for the Silhouette Metric and 2 of 9 cases for the Dunn Index, as measured by their scores on the
respective metrics. This phenomenon raises the broader question of how to assess cluster quality, as recovering known
labels in synthetic data does not necessarily translate to meaningful cluster assignment.
4.1.1 Sensitivity to Training Criterion Choice
Table 2 shows the ICOT scores on the FCPS datasets as measured by each validation criterion, broken down by training
loss function. The values refer to the average score across all nine datasets. As expected, both metrics have their best
performance when they are used as the training criterion to optimize for ICOT. The choice to train on the Silhouette
Metric results in a 9.4% loss in Dunn Index score as compared to when training on the Dunn Index. Similarly, training
originally on the Dunn Index results in a loss of 10.1% in the Silhouette Metric. This quantifies the sensitivity to the
choice of training criterion. It suggests that both metrics have a comparable cost in terms of performance loss on other
internal validation criteria.

Training Criterion
Silhouette Metric (SM)
Dunn Index (DI)

Cluster Quality
SM
DI
0.431
0.122
0.388
0.135

Table 2 Comparison of internal validation scores by choice of training criterion in the ICOT algorithm

4.2 Scaling Performance
We evaluated the impact of our scaling methods on algorithm speed through a comparison of the average runtime across
eight datasets in the FCPS suite with various parameters. The ninth dataset was omitted as the experiment size was
intractable on our unscaled method. The runtimes for the Silhouette Metric and Dunn Index are shown in Figure 4. We
ran experiments over restricted geometric search thresholds of T = 0 (scan all thresholds), T = 0.9 and T = 0.99. We also
repeated the experiments with and without the K-means warm start (light and dark blue line in Figure 4, respectively).
The geometric search alone reduces the runtime by 77.4% (59.1%) at the T = 0.99 threshold for the Silhouette Metric
(Dunn Index). When combining the geometric search (T = .99) with the K-means warm start, our “fully scaled” method
offers a 96.7% (97.0%) reduction in algorithm runtime for Silhouette (Dunn). We observe that the baseline method
actually has a slight runtime advantage over the K-means warm start when there is no restriction on the search space
(T = 0).
The scores on the baseline model and our fully scaled version are shown in Table 3. Of the eight datasets considered
using the Silhouette Metric (Dunn Index), four (six) have identical cluster recovery in both the original and fully scaled
experiments; two (one) has a slight loss when using scaling heuristics, and two (one) actually improve with the scaling
methods. These results suggest that the scaled ICOT algorithm still yields high quality results: the scaled method yields
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(a) Silhouette Metric Runtimes

(b) Dunn Index Runtimes

Fig. 4 Average runtimes across FCPS datasets with varied scaling parameters for the geometric search threshold (T) and
choice to use a warm start

an average loss of .25% on the baseline method when trained on the Silhouette Metric, and gives an average improvement
of 4.4% with the Dunn Index.

Dataset
Atom
Chainlink
Hepta
Lsun
Target
Tetra
TwoDiamonds
WingNut

Baseline
0.521
0.391
0.455
0.567
0.629
0.504
0.486
0.406

Silhouette Metric
Fully Scaled
% Change
0.498
-4.3%
0.395
1.0%
0.455
0.0%
0.553
-2.4%
0.629
0.0%
0.504
0.0%
0.486
0.0%
0.422
3.7%

Baseline
0.137
0.032
0.357
0.117
0.362
0.200
0.044
0.063

Dunn Index
Fully Scaled
0.137
0.026
0.357
0.117
0.550
0.200
0.044
0.063

% Change
0.0%
-16.4%
0.0%
0.0%
52.0%
0.0%
0.0%
0.0%

Table 3 Comparison of cluster quality scores with the original vs. fully scaled ICOT versions

The apparent improvement with the warm start signifies cases where the algorithm gets caught in a local optima
in the baseline algorithm, but it is able to avoid this when initialized with the K-means warm start. This also offers
an explanation for the runtime advantage on the baseline method observed in Figure 4b; if the method gets caught in
a locally optimal solution, the algorithm will terminate faster. The improvement offered by the K-means warm starts
further supports the use of this heuristic beyond runtime improvements.
Due to the speedups from these two scaling techniques, ICOT is able to scale to handle datasets with a number of
observations (N) in the thousands and the number of covariates (P) in the hundreds. It can solve within several hours for
problems of this magnitude.

5 Real-World Results
In this section, we present results for three real-world examples. We address three important questions often encountered
in practice and demonstrate the value of clustering in their analysis. We illustrate models produced by ICOT, K-means,
the two-step hybrid OCT method and the CUBT algorithm. We compare their interpretability and performance on
internal validation criteria. We also consider the impact of tuning key user-defined parameters. Section 5.1 outlines a
patient similarity case study utilizing data from the well-known Framingham Heart Study. In these models we consider
results across several minimum bucket sizes which offer different levels of granularity in the final output. In Section 5.2
we provide an example of market segmentation using data from the Hubway bike sharing program. We experiment with
various α parameters in these models, which allows us to control the weight of numerical vs. categorical features in the
distance matrix. Section 5.3 focuses on grouping economic profiles of European countries during the Cold War using
only tree-based unsupervised learning techniques.
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5.1 Patient Similarity for The Framingham Heart Study
Patient similarity is the concept of identifying groups of individuals with comparable health profiles from their electronic
medical records, often with the goal of assessing treatment receptivity and outcomes. The goal is to cluster patients in
compact groups without any particular outcome of interest and to study the health progression for those individuals
over time. Clustering methods have been particularly popular in this application as they do not require an independent
covariate in model creation.
We provide an illustration of our method using data from the Offspring Cohort from the Framingham Heart Study
(FHS), a large-scale longitudinal clinical study. It started in 1948 with the goal of observing a large population of health
adults over time to better understand cardiovascular disease risk factors. Over 80 variables were collected for 5,209
people over the course of more than 40 years. The FHS is arguably one of the most influential longitudinal studies
in the field of cardiovascular and cerebrovascular research. This data has now been used in more than 2,400 studies
and is considered one of the top 10 cardiology advances of the twentieth century alongside the electrocardiogram and
open-heart surgery (Daniel Levy 2006).
Our dataset comprises of 200 observations from distinct participants of the Offspring Cohort and eight covariates
(age, gender, presence of diabetes, levels of HDL, BMI and smoking habit) (Daniel Levy 2006; Feinleib et al. 1975).
We seek to compare the results of ICOT with the K-means algorithm and the OCT algorithm in terms of interpretability
and quantitative performance on the validation criteria. We explore how our models perform in these two key areas as
we vary the minimum bucket parameter, NC , and the corresponding K parameter in the K-means algorithm.

5.1.1 Results on Interpretability: ICOT
In these experiments, we keep the α parameter at the default value to balance the distance between numerical and
categorical features. Due to our re-weighting of the distance metric, all models are able to incorporate both numerical
and categorical features, yielding intuitive groups of participants at cardiovascular risk. The tree-based nature of the
algorithm allows us to understand the differentiating factors in these clusters.
In Figure 5, we show the models produced by the algorithm, trained on the Dunn Index, for different values of the
minimum bucket, NC . Note that varying this constraint parameter directly affects the end model and can returns differing
trees. Our empirical results verify the intuition that there is not a monotonic relation between the size of the minimum
bucket and the number of clusters identified; the ICOT model for NC = 1 has 5 clusters whereas the one for a larger
minimum bucket, NC = 10, has 7. We observe that in the former case, the algorithm detects three underweight smokers
that are clustered into a very small group of observations. ICOT also groups together low risk female participants
depending on their diabetic status as well as men who do not smoke.
In the case where NC ∈ {10, 20}, Figure 5 shows significant similarities between the trees. In both cases, we see
a key separation between female and male patients. The models agree that HDL levels are the primary differentiator
between women, splitting participants at the 46.5 mg/dL level. Further separations are different between the two trees.
Women with low HDL levels are differentiated on Smoking rather than Diabetes due the insufficient sample size for of
diabetic patients when NC = 20, but Clusters 3 and 4 in both trees are identical since their leaves were already sufficiently
large. The minimum bucket parameter more significantly affects the groupings of male patients. When NC = 10, male
participants are split based on diabetes status and age, whereas smoking is the only distinguishing feature used when
NC = 20.

5.1.2 Results on Interpretability: K-means
In order to construct K-means clusters, we updated the feature space to encode the categorical variables as binary features
since K-means cannot otherwise integrate the two variable types. K-means also does not allow us to directly control the
minimum number of observations per cluster, so we present the results of the algorithm with the three K values obtained
for the different NC parameters in Section 5.1.1. In Table 5, we present the covariate values of the cluster centroids
created by the method for each of the K values.
Notice that there is no clear distinction of features that characterize each cluster. For the categorical features, the centroid value depends on the relative frequency of the classes in the particular covariate and not only on its predominance
in the cluster. For example, the fact that the Diabetes value for Centroid 1 when K = 6 is equal to 0.289 does not provide
deep insights in the diabetic condition of the participants in that group. There is higher proportion of diabetic people in
this cluster compared to Clusters 2, 3 and 5 but still less than the ones of 4 and 6. It is difficult to provide intuitive labels
for the groups with clinical implications by just studying Table 5. Analyzing the centroid attributes to gain intuition into
the members of each cluster becomes increasingly harder as the number of features increases. Relative ranking of the
centroid values could be amenable in the FHS case, where p = 6. In a high dimensional dataset, delving into such a table
would be practically impossible.
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5.1.3 Results on Interpretability: OCT
We use OCT to understand better the clusters created by the K-means method. We use the labels produced by the latter
as the dependent variable and the original dataset as the set of independent variables. We then fit a classification tree to
provide the K-means method with a tree structure. Figure 5 provides an illustration of the models for different values of
K. In all cases, OCT selects HDL and Age as the only features to split on. This is due to the lack of data normalization in
the algorithm which ends up amplifying distances between numerical covariates that take on a broader range of values.
Increasing K to higher values should further separate original clusters into subgroups. Nevertheless, the trees outlined
in Figure 5 provide little additional intuition behind patient similarity as K increases as they seem to categorize patients
via recursive splitting on the same feature.

(a) Visualization of the ICOT model for NC = 1

(b) Visualization of the ICOT model for NC = 10

(c) Visualization of the ICOT model for NC = 20

Fig. 5 Visualization of the ICOT results for the Dunn index on Framingham Heart Study dataset for different values of
minimum bucket parameter
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5.1.4 Results on the Validation Criteria

Although interpretability is our primary objective in cluster development, we also want to ensure that our resultant
groupings are reasonable from the perspective of the internal validation criteria which provide a quantitative evaluation.
Table 4 shows the metric scores obtained for the Dunn Index, which was used to train the models, and the Silhouette
Metric. We see that ICOT dominates K-means and OCT in the Dunn Index. We also note that although the Silhouette
Metric was not used in tree construction, ICOT outperforms on the Silhouette Metric as well. This demonstrates consistency between the two metrics, in that training on one metric yields high-quality results on the other in real-world
settings. Overall these results suggest that ICOT’s advantage in interpretability does not come at the expense of identifying well-separated and compact clusters. The gains over OCT also attest to the value of ICOT’s ability to train directly
on the cluster quality criterion over simply applying a two-step method where K-means clusters are used as class labels
for a supervised problem.

Parameters
NC
1
10
20

K
5
7
6

ICOT
DI
0.2345
0.1327
0.1240

K-means
SM
0.1688
0.1733
0.1639

DI
0.0432
0.0589
0.0596

OCT
SM
0.1024
0.1073
0.1299

DI
0.0417
0.0532
0.0596

SM
0.0964
0.0916
0.1248

Table 4 The validation criteria results for ICOT, the K-means and the OCT algorithm on the FHS dataset when trained
on the Dunn Index

Centroid ID
1
2
3
4
5

Diabetes

Smoking

CVD

Age

HDL

BMI

Gender

0.288
0.344
0.115
0.200
0.348

0.212
0.164
0.038
0.333
0.543

0.442
0.574
0.385
0.400
0.370

62.538
70.689
73.885
53.667
53.022

47.811
35.704
66.605
68.311
33.092

29.416
30.126
26.087
25.911
31.126

0.404
0.311
0.808
0.533
0.391

The cluster centroid results for the K-means algorithm for K = 5
Centroid ID
1
2
3
4
5
6
7

Diabetes

Smoking

CVD

Age

HDL

BMI

Gender

0.280
0.152
0.059
0.488
0.167
0.406
0.191

0.260
0.030
0.059
0.268
0.333
0.625
0.191

0.4000
0.546
0.412
0.585
0.667
0.313
0.381

60.280
75.697
75.117
66.756
58.667
50.531
58.762

44.132
44.171
68.294
31.905
81.167
32.612
60.897

29.593
28.902
25.642
30.941
23.616
32.037
26.727

0.400
0.394
0.882
0.293
0.667
0.406
0.476

The cluster centroid results for the K-means algorithm for K = 7
Centroid ID
1
2
3
4
5
6

Diabetes

Smoking

CVD

Age

HDL

BMI

Gender

0.289
0.156
0.130
0.408
0.200
0.389

0.200
0.031
0.043
0.286
0.333
0.611

0.444
0.531
0.435
0.571
0.400
0.278

61.022
76.250
73.174
65.653
53.667
51.056

47.766
43.145
68.225
33.107
68.311
33.238

29.241
29.292
25.859
30.655
25.911
31.316

0.422
0.375
0.783
0.306
0.533
0.417

The cluster centroid results for the K-means algorithm for K = 6
Table 5 Cluster centroid results for the FHS dataset.
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(a) Visualization of the OCT model for K = 5

(b) Visualization of the OCT model for K = 7

(c) Visualization of the OCTT model for K = 6

Fig. 6 Visualization of the OCT results on Framingham Heart Study dataset for different values of the K-means parameter

5.2 Market Segmentation for Hubway
Market segmentation is a strategy that divides a broad target market into smaller groups of similar customers. This
can then be used to tailor marketing strategies to individual groups through means such as promotions or differentiated
pricing. Clustering is often employed for this task since it naturally identifies similar groups within a given dataset.
We demonstrate how different clustering methods can be employed to find similar groups of registered users of the
bike-sharing program Hubway (Bertsimas et al. 2016). This Boston-based company allows users to rent bicycles from
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any of their 140 stations and ride to any other station in the city. This has emerged as a popular form of transportation for
daily commuters and leisure riders alike. Our dataset includes 1,000 observations from Hubway trips taken from June
2012 through September 2012. The dataset contains mixed numerical and categorical attributes, including the duration
of the trip, the age and the gender of the rider, the time period of the ride and whether it took place during the week or
the weekend. In this section, our goal is to compare the interpretability and performance of the three algorithms, ICOT,
K-means and OCT, as we vary the α parameter which controls the balance between numerical and categorical features
and subsequently affects the number of clusters, K. We demonstrate how different distance weightings significantly
affect not only the partition of the feature space but also the evaluation of the Dunn Index and Silhouette Metric score.

5.2.1 Results on Interpretability: ICOT
In Figure 7, we show the ICOT trees for three different values of α all trained on the Silhouette Metric. We fix the
minimum bucket parameter, NC = 100, requiring at least 100 rides in each cluster to ensure that groups are not skewed
by outliers in the data. The selection of the α parameter clearly influences the feature selection process during tree
construction as well as the final number of clusters.

(a) ICOT model for Hubway when α = 0.5

(b) ICOT model for Hubway when α = 0.8

(c) ICOT model for Hubway when α = 0.9

Fig. 7 Visualization of the ICOT results for the Silhouettte Metric on the Hubway dataset for different values of the α
parameter
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In the first tree, depicted in Figure 7a, the numerical and categorical features have equal contribution in the objective
function (α = 0.5). Since the distances in the nominal feature space are discrete and dominate continuous and normalized
values from the numerical attributes. Thus, ICOT splits exclusively on covariates like Gender and Time disregarding
duration of the ride and age of the rider. We distinguish between women and men that use the service in the afternoon
or in the evening from those that prefer Hubway in the morning or in the night. The difference between the two genders
is that afternoon male riders are not clustered together with the evening ones, in contrast to the respective female group.
The final model suggests the existence of five clusters within the data, the largest of which containing 300 observations.
The distances in the numerical feature space are amplified when α = 0.8, and thus ICOT is more likely to select
branch nodes that split on such covariates. In Figure 7b, the algorithm creates four clusters through splits on three
features (rider’s age and gender, day of the week). The tree differentiates older riders over the age of 44 as a single
cluster. Young female users are also considered an independent market segment. Finally, the algorithm implies that
male cyclist behavior is particularly differentiated based on weekend vs. weekday use. This model provides interesting
insights that could be leveraged by experts to develop personalized pricing strategies and offers. Hubway could readily
utilize this model to design offers and packages for young female riders or men who use the service for leisure purposes
during the weekend.
The last model, in Figure 7c, is less insightful since it clusters the rides based only on the age of the rider, identifying
in total only two groups. Here, we notice that extremely high values of α can entirely obscure partitions in categorical
features. This reinforces the need for a balanced approach that adjusts for the relative frequency of each feature type.
5.2.2 Results on Interpretability: K-means
We perform a similar experiment using the K-means algorithm. Since this method is unable to handle mixed categorical
and numerical attribute, we encode the nominal features into binary ones, creating a 9-dimensional dataset. We are not
able to balance the features in different ways via the α parameter as this functionality is not available. As with the FHS
example, we therefore control the number of clusters (K) to obtain varied groupings. We consider the different values of
K that correspond to the number of clusters produced by ICOT across varied α values.
Table 6 presents the covariates of the centroids of the clusters identified for different values of K. The absence of the
minimum bucket parameter renders the algorithm significantly vulnerable to outliers in the data. More specifically, there
is one observation that appears as a separate cluster in all the models, presented in Table 6. It corresponds to Centroid
ID 5 for K = 5, Centroid ID 4 for K = 4 and Centroid ID 2 for K = 2. K-means isolates this observation due to its
substantial deviation compared to the rest of the data in terms of Duration, which is two orders of magnitude higher
compared to the mean value. A similar remark applies for the Cluster 4 for K = 5 and Cluster 3 for K = 4, where the
partition is comprised of two particular observations. Grouping individual rides in different groups provides little insight
for the market segmentation application. Hubway does not have any motivation to develop strategies for individual users
because they deviate significantly from the norm. Unless the algorithm user dedicates resources in preprocessing the
data to alleviate such observations, K-means seems to be unable to provide meaningful clusters.
5.2.3 Results on Interpretability: OCT
We use OCT to gain further insights on the features that K-means considered during cluster formation. Figure 7 shows
the OCT models which provide structure on the K-means result. Notice that all models in Figures 8a, 8b and 8c contain
branch nodes that split only on Duration. K-means’ lack of a normalization preprocessing step and an adjustment to
balance numerical and categorical features leads Duration to dominate distance matrix. This results in the detection of
Duration outliers as distinct clusters as noted in Section 5.2.2. In this case, the OCT model captures the underlying
decision making mechanism of K-means with parallel splits and reveals the potentially skewed basis of the K-means
partitions. This approach supports the argument that black-box methods need interpretability not only in order to facilitate their application in real-world settings but also to detect potential pitfalls they might run into and offer guidance on
how to address them.
5.2.4 Results on the Validation Criteria
Our results suggest that ICOT provides considerable gains in interpretability compared to the other methods, identifying clusters that have direct market implications for Hubway and could influence positively their pricing and revenue
management strategy. In this section, we focus on the performance of the three methods with respect to the internal
validation criteria outlined in Section 2.2. Table 7 provides an overview of the results. ICOT, trained on the Silhouette
Metric, outperforms both K-means and OCT in terms of the Silhouette Metric and the Dunn Index for the smaller values
of α. On the other hand, K-means has higher scores on both metrics when α = 0.9. K-means is designed to handle continuous features and thus when the majority of the distance metric evaluates the latter, it reports better results compared
to ICOT. We believe that this discrepancy can be attributed to the lack of a consistent normalization procedure in the
K-means method. We evaluate all methods using ICOT’s normalized distance matrix in order to get comparable results.
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However, we believe that the transformation of the multilevel nominal features in distinct columns might also affect the
selection of the feature space from K-means since it is not designed to handle such type of covariates. The above reasons
explain ICOT’s superior performance and show its promise in real-world applicability.

Centroid ID

Duration

Morning

Afternoon

Evening

Night

Weekday

Weekend

Male

Age

1
2
3
4
5

439.852
1186.850
2860.833
10524.5
147107

0.361
0.319
0.111
0.5
0

0.388
0.425
0.500
0.5
0

0.225
0.232
0.333
0
1

0.026
0.024
0.056
0
0

0.840
0.783
0.333
0.5
0

0.160
0.217
0.667
0.5
1

0.779
0.681
0.611
0.5
1

35.044
35.213
39.278
43.500
34

The cluster centroid results for the K-means algorithm for K = 5
Centroid ID

Duration

Morning

Afternoon

Evening

Night

Weekday

Weekend

Male

Age

1
2
3
4

475.424
1422.077
10524.5
147107

0.360
0.292
0.5
0

0.390
0.435
0.5
0

0.226
0.239
0
1

0.024
0.033
0
0

0.836
0.742
0.5
0

0.164
0.258
0.5
1

0.769
0.684
0.5
1

35.066
35.531
43.5
34

The cluster centroid results for the K-means algorithm for K = 4
Centroid ID
1
2

Duration

Morning

Afternoon

Evening

Night

Weekday

Weekend

Male

Age

693.591
147107

0.346
0

0.399
0

0.228
1

0.026
0

0.816
0

0.184
1

0.751
1

35.180
34

The cluster centroid results for the K-means algorithm for K = 2
Table 6 Cluster centroid results for the Hubway dataset

(a) OCT model for Hubway when K = 5

(b) OCT model for Hubway when K = 4

(c) OCT model for Hubway when K = 2

Fig. 8 Visualization of the OCT results on the Hubway dataset for different values of the K parameter
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Parameters

ICOT

K
5
4
2

DI
0.3486
0.0146
0.0138

α
0.5
0.8
0.9
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K-means
SM
0.5913
0.3723
0.483

DI
0.000093
0.00009
0.7737

OCT
SM
-0.0113
0.0329
0.6874

DI
0.000092
0.000089
0.7737

SM
0.0057
0.0424
0.6874

Table 7 The validation criteria results for ICOT, the K-means and the OCT algorithm on the Hubway dataset when
trained on the Silhouette Metric

5.3 Economic Profiles of European Countries
In this section we consider European countries by their employment statistics during the Cold War to develop groupings
of similar economic profiles. We present this example to offer a comparison to the CUBT algorithm (Fraiman et al.
2013) as this is the primary real-world experiment offered in their work.
Our dataset (Krim and Hamza 2015) provides the breakdown of where citizens were employed in 1979 across major
industry sectors: agriculture (Agr), mining (Min), manufacturing (Man), power supplies services (PS), construction
(Con), service industries (SI), finance (Fin), social and personal services (SPS), and transportation and communication
(TC). Thus our feature space includes nine covariates (p = 9) observed for 26 distinct European countries (n = 26).
5.3.1 Results on Interpretability: ICOT
We trained a clustering tree using the Silhouette Metric, the default α parameter, and a minimum bucket size of 3 to
prevent individual outlier countries from dominating the tree in a single split. The final tree is shown in Figure 9, and
the resulting groupings are shown in Table 8.
ICOT’s chosen partition is highly intuitive given the economic and political climate of the Cold War. With the
exception of Yugoslavia, all Eastern Bloc countries are placed in Cluster 1 due to their particularly low percentage
of workers in the financial sector. This split reflects the broader political setting for those countries that were under a
Communist regime. Greece, Turkey and Yugoslavia are grouped together due to their notably high agricultural sector
employment. They are also located in the same geographical region and thus their economy similarity is justified. The
rest of the countries form Cluster 2, which is composed of all the Western European countries.

Fig. 9 Visualization of the ICOT tree for the European Jobs dataset

Cluster 1
Bulgaria
Czechoslovakia
E. Germany
Hungary
Poland
Rumania
USSR

Cluster 2
Austria
Belgium
Denmark
Finland
France
Ireland
Italy
Luxembourg
Netherlands
Norway
Portugal
Spain
Sweden
Switzerland
United Kingdom
W. Germany

Cluster 3
Greece
Turkey
Yugoslavia

Table 8 European country clusters from the ICOT algorithm
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Agr > 29.45

Agr > 57.75

Agr > 18.20

yes

yes

Cluster 1

Cluster 2

Cluster 3

Cluster 4

Fig. 10 CUBT tree with four clusters
Agr > 29.45
yes
Agr > 57.75

Agr > 16.2

yes

yes

Cluster 1

Cluster 1

Cluster 2

Man > 23.45
yes
SI > 16.2

Cluster 3
yes

Cluster 4

Cluster 5

Fig. 11 CUBT tree with five clusters

5.3.2 Results on Interpretability: CUBT
Fraiman et al. (2013) provide two alternative clustering partitions using their proposed CUBT algorithm, one with four
clusters and the other with five clusters. The resultant tree for K = 4 is shown in Figure 9 with the groupings listed
in Table 9. The corresponding results for K = 5 and Table 10, respectively. Due to inconsistencies between the trees
and country groups listed in the paper (Fraiman et al. 2013), we report results based on the tree models presented. It is
possible to select a minimum bucket size in the CUBT algorithm, but the authors chose to omit it in these experiments,
resulting in isolated clusters with single outlier countries. While this provides insight on its own, we chose to enforce a
sufficiently large leaf size to make our results more generalizable and insightful for the full set of European countries.
The tree with four clusters splits only on agriculture sector employment through a series of recursive splits, providing
less insight into the differentiating characteristics of the countries. The tree with five clusters splits on high agriculture
employment first to separate out the first two clusters, but then further differentiates the low agriculture countries on both
manufacturing and service industry employment. The bulk of the countries fall into the third cluster, which is characterized by a manufacturing-heavy workforce. Note that CUBT allows for cluster re-joining in the algorithm, which results
in multiple leaves being assigned to the same cluster. Overall, while the CUBT algorithm provides high interpretability
as with ICOT, a qualitative analysis of the resulting clusters suggests that there is a slight loss in meaningful cluster
separation.
Cluster 1
Turkey

Cluster 2
Greece
Poland
Rumania
Yugoslavia

Cluster 3
Bulgaria
Hungary
Ireland
Portugal
Spain
USSR

Cluster 4
Austria
Belgium
Czechoslovakia
Denmark
E. Germany
Finland
France
Italy
Luxembourg
Netherlands
Norway
Sweden
Switzerland
United Kingdom
W. Germany

Table 9 European country clusters from the CUBT algorithm, with K = 4
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Cluster 1
Greece
Poland
Rumania
Turkey
Yugoslavia

Cluster 2
Bulgaria
Czechoslovakia
Hungary
Ireland
Portugal
Spain
USSR
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Cluster 3
Austria
Belgium
E. Germany
Finland
France
Italy
Luxembourg
Sweden
Switzerland
United Kingdom
W. Germany

Cluster 4
Netherlands
Norway

Cluster 5
Denmark

Table 10 European country clusters from the CUBT algorithm, with K = 5

5.3.3 Results on the Validation Criteria
The quantitative performance of these models on our two key internal validation criteria are shown in Table 11. ICOT
obtains significantly better clusters as quantified by both the Dunn Index and Silhouette Metric. We note that ICOT has
an advantage in the Silhouette Metric due to the fact that it was trained to optimize this criterion, whereas the CUBT
results were trained via a different method. However, the Dunn Index provides a neutral evaluation criterion and shows
a preference towards ICOT’s results as well.
Method
ICOT
CUBT (K = 4)
CUBT (K = 5)

SM
0.344
0.140
0.0438

DI
0.346
0.262
0.259

Table 11 Comparison of ICOT (trained on the Silhouette Metric) and the CUBT algorithm on the internal validation
criterion

6 Discussion
ICOT builds trees that provide explicit separations of the data on the original feature set, creating interpretable models
with real-world applicability to a wide range of settings. From healthcare to revenue management to macroeconomics,
our algorithm can significantly benefit practitioners that may find value in unsupervised learning techniques in their
work.
Our empirical results on the FCPS dataset offer insight into ICOT’s performance against existing methods, including
K-means and the hybrid two-step supervised approach. Overall, our proposed method is superior to K-means when
assessing clusters with the Dunn Index, but yields a slight loss when training on the Silhouette Metric. However, this
trade-off enables the explicit characterization of cluster membership which is critical in many settings. We thus accept
a slight decrease in the Silhouette Metric for the gain in interpretability. The significant improvements that ICOT offers
over the two-step OCT method validate the utility of a method that simultaneously builds clusters and identifies the
tree-based structure rather than simply employing existing tree-based methods on clustered data a posteriori.
ICOT and K-means both identified clusters with higher cluster quality scores than the true FCPS data labels, highlighting the subjectivity of what constitutes good clusters. We leave the choice of cluster quality metric to the user, since
both criterion have their respective merits and perform well in different data contexts. In general, the Dunn Index excels
on well-separated datasets but is not robust to outliers. In contrast, the Silhouette Metric is often better at accounting for
mixed densities and identifying meaningful separation in less structured data settings.
The additional scaling experiments on the FCPS dataset demonstrate meaningful runtime reductions offered by
both the restricted geometric search spcae and K-means warm start. Overall these empirical results suggest that the
scaling methods are successful at significantly decreasing runtime while maintaining high-quality cluster identification.
The geometric search heuristic is particularly useful for problems with a high number of observations as it lowers the
computational load per node evaluation by a factor of T . We note that despite the efficiency gains offered by our scaling
methods, our current implementation of ICOT does not scale beyond 1000s of observations and 100s of covariates.
While this is sufficient for many problems of practical interest, it limits the method’s utility in certain high-dimensional
settings; for example, this issue could be encountered when clustering a large company’s customer transaction records
(n in the millions) or using genomic features for patients (p in the 10000s). In these cases, we recommend a subsampling
approach. Observations can be randomly sampled, and features can be preprocessed to restrict to the most significant
subset, either using traditional statistical tests or the variable importance ranking provided in the K-means algorithm
output.
Our work’s handling of numerical and categorical features offers a contribution beyond the realm of clustering.
The issue of mixed-type attributes is considered among specialists as one of the most important challenges in machine
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learning (Piatetsky-Shapiro et al. 2006; Yang and Wu 2006). The overwhelming majority of state-of-the-art clustering
algorithms are restricted to numerical objects, like vectors or metric objects, which does not correspond to datasets
usually found in practice. This problem extends more broadly to algorithms that rely on distance computations, such as
k-Nearest Neighbors. In contrast, our solution gives a comprehensive answer to this problem by introducing data driven
distance metric for the algorithm.
The application of ICOT on real-world datasets reveals the significant benefit on both interpretability and performance in the unsupervised learning field. The combination of the OCT mechanism, the employment of established
internal validation criteria as well as the systematic handling of mixed numerical and categorical attributes allow ICOT
to provide complete partitions of the feature space with actionable insights to practitioners. Moreover, the flexibility of
the method to user specific constraints with respect to the minimum bucket size, the maximum depth of the tree and the
α parameter render the algorithm particularly amenable to a wide range of applications from various fields.
Finally, we note that despite the tree structure of our algorithm output, our model does not obey a hierarchical
structure. Namely, truncating the tree to a lower depth does not necessarily represent the optimal clustering solution at
this depth. Our coordinate-descent algorithm allows for nodes to be re-optimized with knowledge of deeper nodes. In
contrast, a hierarchical interpretation only holds in cases where the tree grows greedily since the shallow truncated tree
cannot be affected by deeper levels.

7 Conclusion
In this paper, we have introduced a new methodology of cluster construction that addresses the issue of cluster interpretability. We propose a novel unsupervised learning tree-based algorithm that yields high-quality solutions via
an optimization approach. Through computational experiments with benchmark and real-world datasets, we show that
ICOT offers significant gains in interpretability over clustering state-of-the-art methods while achieving comparable or
even better performance as measured by well-established internal validation criteria. This makes ICOT an ideal tool for
exploratory data analysis as it reveals natural separations of the data with intuitive reasoning.
Acknowledgements We would like to thank the anonymous reviewers from the Machine Learning For Healthcare Workshop, NeurIPS 2018
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