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‘We propose a novel, optimization-based method that takes into account the objective and problem structure
for reducing the number of scenarios, m, needed for solving two-stage stochastic optimization problems. We
develop a corresponding convex optimization-based algorithm, and show that as the number of scenarios
increase, the proposed method recovers the SAA solution. We report computational results with both syn-
thetic and real world data sets that show that the proposed method has significantly better performance for
m < 50 and is comparable to for m > 50 in relation to other state of the art methods (Importance sampling,

Monte Carlo sampling and Wasserstein scenario reduction with squared Euclidean norm).
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1. Introduction

A wide range of decision problems that involve optimization under uncertainty can be formulated
as a stochastic optimization problem. For instance, consider a production planning problem, where
the decision maker wishes to make strategic decisions on plant sizing and allocating resources
among plants in the first stage. Later when demand is realized, the decision maker aims to make
tactical decisions about storing, processing and shipping these products to the market sources, all

while ensuring minimal expected costs and satisfying relevant plant capacity constraints. The main



idea in this approach is that taking this second stage decision-making into account leads to better
first-stage strategic decisions.

More generally, such problems fall in the setting where a practitioner aims to select the best
possible decision that satisfies certain constraints, but with the knowledge that the outcome of this
decision is influenced by the realization of a random event. The quality of a decision is judged by
averaging its cost over all possible realizations of this random event. These models can be applied
to formulate problems in various areas such as finance, energy, fleet management, and supply chain
optimization, to name a few. For a more comprehensive list of applications, we refer the reader
to|Wallace and Ziemba/ (2005)).

Traditional stochastic optimization formulates this as finding an optimal decision, which among
all feasible candidates in the set Z, has the lowest average cost when averaged over all possible

realizations of the uncertain parameter Y. In other words, these problems can be formulated as

min Ey[e(z;Y)]. (1)

zZEZ
For instance, in inventory management problems, the uncertainty Y may refer to demand data, or
time series of stock returns in portfolio optimization problems. More specifically, we assume that

the cost function has the form

c(z§)=fz+ min gy, (2)
where y, a function of the first stage decision z and observed uncertainty &, is the recourse decision.
The set Y(z,§) of feasible second stage decisions, for a fixed first-stage decision z and uncertainty
&, is given by

V(€)= {y e RY 1 A(§)z+ Wy > Re .
We assume Z, the set of feasible decisions, is a non-empty convex compact set, and is independent
of uncertainty Y.
We provide an example of such a cost function. Consider the application of portfolio optimization,

where the decision maker seeks to distribute their capital among a portfolio of assets with uncertain

returns in a way that leads to high returns and low risk.

c((z,8);Y)= —Az’Y+€+1maX{—z’Y — 3,0},



where Y and z are vectors of stock returns and corresponding investments (decision variable)
respectively, and ( is an auxiliary decision variable. Minimizing the cost ¢(z;Y) ensures high
returns z'Y, while at the same time controlling the risk, which here is given by CVaR (Conditional

Value-at-Risk) of negative returns at level e, as
1
CVaR.(Z'Y) = il%f S+ —E[max{—2z'Y — 3,0}].
€

The quantities € € (0,1) which parametrizes the risk measure, and A > 0, the trade-off between risk
and return, are pre-specified parameters.

While we wish to solve Problem , the true distribution of the uncertainty Y is typically
unknown. Even if it is fully known, solving the exact optimization problem may not be tractable.
In the context of data-driven stochastic optimization, where past data consisting of n samples of
uncertainty £',...,&" is assumed to be known, a popular approach to approximate Problem ([])
is Sample Average Approximation (SAA) (Shapiro et al.[2009, Birge and Louveaux|[2011)). Under

this approach, the problem we wish to solve is

lggg;;dz;ﬁi)- (3)
It is easy to see that this approach, in effect, approximates the unknown full distribution with the
empirical distribution with each data point £ equally likely. In fact, Kleywegt et al. (2002)) show
that, under some regularity conditions, the optimal objective value and solution of Problem
converge to their counterparts of Problem as n increases, regardless of the distribution of &.
For more recent advances in SAA, we direct the reader towards [Homem-de Mello and Bayraksan
(2014), |Rahimian et al|(2018) and the references therein.
In this paper, we consider the approach of scenario reduction, which approximates the empirical
distribution with a smaller distribution with scenarios ¢',...,(™ and corresponding probabilities
qis---,qm, for m <<n. To be more precise, we use knowledge of the cost function and constraints

while computing this reduced distribution, which typically results in better approximations. When

n is very large and thus the SAA problem is 3imot computationally tractable, such an approach



can substantially improve tractability while ensuring minimal loss in decision quality. Another
key advantage incurred for practitioners when solutions of higher quality are computed with sig-
nificantly lesser scenarios is interpretability. This can be valuable for decision makers who seek
intuition on scenarios that affect the cost, which can help to understand the solution better and
guide policy. In this paper, we demonstrate that using optimization to compute these smaller set of
scenarios taking into account the cost function can increase tractability, accuracy over cost-agnostic

scenario reduction methods, and interpretability.

1.1. Contributions

The contributions of this work are as follows:

1. We present a novel optimization-based approach for scenario reduction for two-stage stochastic
optimization problems. As part of this approach, we introduce a quantity we term as “Problem-
dependent divergence” that takes into account the quality of decisions induced by two discrete
distributions, and generalizes the Wasserstein distance. We prove a stability result which states
that under certain regularity conditions, minimizing this quantity leads to distribution with
an optimal objective value close to the SAA objective.

2. We consider scenario reduction in this setting, and present algorithms for computing these
scenarios and corresponding probabilities. Our approach relies on an alternating-minimization
algorithm, where we iteratively optimize for the scenarios and update cluster assignments.
Since the problem of computing the scenarios is in general nonconvex, we instead solve a
convex problem that is an upper bound.

3. We show that this convex upper bound, under certain conditions on the distribution of £ and
structure of cost function ¢, leads to scenarios that coincide with the solution to Wasserstein
scenario reduction with Euclidean loss. Additionally, our result provides intuition about how
our upper bound objective finds scenarios that affect the objective of the original stochastic

optimization problem.



4. Finally, with the help of computational results we demonstrate the effectiveness of these
methods on various data sets — both synthetic and standard test problems from the stochastic
optimization literature. We compare our method to traditional scenario reduction approach
based on Wasserstein distance with Euclidean norm and sampling-based methods such as
Monte Carlo and Importance sampling, and demonstrate that it performs favorably compared
to these other methods, particularly at higher noise levels and fewer number of scenarios

(degrees of freedom).

1.2. Related Work

In this section, we review related approaches for stochastic optimization problems that have been
proposed in the literature. Dupacova et al.| (2003) present theory and algorithms for scenario reduc-
tion using probability metrics, while Heitsch and Romisch| (2003)) derive bounds for forward and
backward scenario selection heuristics. For a comprehensive review that extends these ideas to
the multistage setting, we refer the reader to Pflug and Pichler (2014)). More recently, [Rujeer-
apaiboon et al. (2017)) analyze worst case bounds of scenario reduction using the Wasserstein
metric, and propose methods with worst case approximation error guarantees along with an exact
mixed integer optimization formulation. These methods are based on the alternating-minimization
algorithm for k-means clustering (Arya et al.|2004)). In this work, we propose a similar alternating-
optimization method, but with a tailored objective for the stochastic optimization problem at hand.
Recently, Henrion and Romisch| (2018)) propose a problem-based scenario generation method which
involves solving a generalized semi-infinite optimization problem to compute a smaller approxima-
tion of the empirical distribution. While this global approach finds the distribution that leads to
the best uniform approximation of E[c(z;€)] over all feasible z, the tractability of this approach is
not clear as the resulting problem is a generalized semi infinite optimization problem.

We note a stream of research that develops scenario reduction techniques for specific objectives.
Rahimian et al.| (2018) propose a scenario reduction method specifically for distributionally robust
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et al. (2018) propose an algorithm that finds the relevant scenarios from among the original empiri-
cal scenarios. For the same problem, Pineda and Conejo| (2010) redefine the distance d(, ¢) between
two scenarios ¢ and ¢ based on the CVaR objective, but this new definition violates the property
that d(¢,() =0 <= £ = (, which is important for stability purposes. More recently, Fairbrother
et al.| (2015)) develop the notion of a risk region, and selectively sample scenarios belonging to that
region for problems optimizing tail measures. Finally, we note that our approach is not restricted
to any specific problem or objective type and is designed for the general case.

As part of our approach, we define a novel measure, that captures the difference between two dis-
tributions by taking into account their induced decisions. Using the notion of Wasserstein distance
between two discrete distributions, we propose a different measure that takes decision quality into
account and analyze scenario reduction in this context. We note the recent progress in data-driven
Distributionally Robust Optimization (DRO), where it has been shown that the worst-case expec-
tation of an uncertain cost over all distributions that are within a fixed Wasserstein distance from a
discrete reference distribution can often be computed efficiently via convex optimization (Esfahani
and Kuhn/[2018| |Gao and Kleywegt|[2016)).

Replacing the empirical n-point distribution with a new m-scenario distribution can lead to sig-
nificant computational gains in this context, as DRO problems over Wasserstein balls are harder to
solve than their stochastic versions. This tractability advantage may be significant for the case of
two-stage distributionally robust linear problems, which admit semidefinite optimization problems
as tight approximations (Hanasusanto and Kuhn|2018)). This problem of approximating distribu-
tions is closely related to the optimal quantization of probability distributions, which approximates
a non-discrete initial distribution with an m-point distribution. These connections between optimal
quantization and stochastic optimization are discussed in greater detail in |Pflug and Pichler| (2011)

Other methods for solving stochastic optimization problems include Monte Carlo-based sampling
and variance reduction. In a recent review on SAA (Kim et al.[2015), the authors note that a

moderately large sample is likely to compute degisions of satisfactory quality for some problems.



Linderoth et al. (2006) study the empirical behavior of such sampling methods for solving SAA
problems, while |Xiao and Zhang] (2014) study variance reduction in detail. For a survey of Monte
Carlo based sampling methods and variance reduction techniques for stochastic optimization, we
direct the reader to [Homem-de Mello and Bayraksan (2014)), Bayraksan and Morton (2011) and
the references therein. Other approaches for scenario generation/reduction have been developed in
the literature that determine scenarios matching a set of statistical properties, such as moment-
matching (Hgyland and Wallace [2001, Hgyland et al.|2003)). For instance, in Hgyland et al.| (2003])
the authors attempt to find a distribution that matches the first four marginal moments and the
correlations, through a least squares model. However, it is not clear beforehand which statisti-
cal properties are important for solution quality, while our approach focuses on approximating
distributions that ensure high solution quality.

More generally, our work also belongs to the area of research demonstrating the advantages
of optimization over randomization. Some related work includes Bertsimas et al| (2015), where
the authors consider the application of offline experimental design with covariate matching and
demonstrate that using optimization to reduce mean discrepancy between groups, rather than
randomization, leads to stronger inference. In particular, they cite arguments from spin-glass the-
ory and provide computational evidence of an exponential reduction in discrepancies for groups
obtained by optimization compared to randomization. In a follow up paper, Bertsimas et al.| (2019)
use mixed-integer optimization techniques to allocate subjects arriving sequentially into groups for
clinical trials based on balancing observed covariates (features) across groups. They demonstrate
via computational experiments that such an optimization-based approach achieves statistical power
at least as high as, and sometimes significantly higher than, state-of-the-art covariate-adaptive
randomization approaches. While our application is different, we emphasize the key insight that
selecting scenarios via optimization, in this case taking the decision quality into account, can lead

to better decisions with fewer scenarios and thus7 greater tractability and interpretability.



1.3. Notation

Let e be the vector of all ones, and e; the i** standard basis vector of appropriate dimensions. For
any positive integer n, we define the set [n] ={1,...,n}. We denote a generic norm by || - ||, while
| - ||, denotes the p—norm, for p > 1. Recall that the Euclidean norm of any vector x is defined
as [|z]l2 = /Y, 22. For a set X € R%, we define P(X,m) as the set of all probability distributions
supported on at most m points belonging to X. The support of a probability distribution P is
denoted by supp(P), and the Dirac delta distribution at £ denoted by (). We define P, (¢, ..., &)
as the uniform distribution supported on the n distinct points &¢, which we equivalently represent

as
1., .
P, (&...,&") = —4(&").
(&, €M =D Sole)
Cost functions are denoted by c(z;Y), where z € R% Y € R? represent the decision variable and

uncertainty respectively, and Z C R% represents the non empty convex set of feasible decisions.

For any given &, we assume that ¢(z;€) is a convex function of z. Finally, we denote

¢ (§) = min ¢(z;),

z2EZ

the optimal objective value corresponding to the scenario £, where we assume c*(&) to be finite for
every &. Next, instead of a single scenario, given a distribution QQ, we define the optimal solution

2*(Q) and objective value v(Q) as

v(Q) =minEy . glc(2;Y)],

zEZ
2*(Q) € argmin Ey g[c(z;Y)].
z€EZ
In this paper, we restrict our analysis to discrete distributions, and Q is defined by a finite set
of scenarios and their corresponding probabilities. Thus, the optimal decision for the (discrete)
distribution Q (with scenarios ¢!,...,{™ and their corresponding probabilities ¢i,...,q,,) is given
by

z*(@) c argiréigzlqj c(z;(ﬂ).
877



1.4. Structure of the paper

The structure of this paper is as follows. In Section [2] we present some preliminary background
on the concept of Wasserstein distance and scenario reduction for stochastic optimization. In Sec-
tion (3], we present more details about our approach, where we justify our approach using ideas
and results from stability theory, and formulate the scenario reduction problem in our context.
Next, in Section |4| we present an algorithm for estimating these new scenarios (or distributions),
and present some theoretical justification in Section We provide computational evidence of
the scenario reduction method developed in this paper by comparing it with other state-of-the-art

methods on real and synthetic data in Section [5 and finally, present our conclusions in Section [6
2. Preliminaries

In this section, we briefly review the Wasserstein distance, which defines a distance between two

probability distributions, and the scenario reduction problem.

2.1. Distance between (discrete) distributions

Let P be a discrete probability distribution on scenarios £!,...,£™ with corresponding probabilities
Pi,--.,Pn, and Q another discrete distribution on scenarios (!,...,{™ with corresponding proba-
bilities ¢y, ..., ¢n. Next, we define the Wasserstein distance between these two discrete probability

distributions.

DEFINITION 1. The Wasserstein distance (induced by the ¢, norm) between two discrete distribu-
tions P and Q, which we denote as Dy (P, Q), is defined as the square root of the optimal objective

value of the following problem:

min > mlle = ¢

R i=1 j=1
subject to ij =p;, Vi€ln], (4)
j=1

Zﬂ'ij:qj', VJE[m]
=1 9



The linear optimization problem used to define the Wasserstein distance can be interpreted as
a minimum-cost transportation problem from n sources to m destinations. Here, 7;; represents the
amount of probability mass shipped from £' to ¢7 at unit transportation cost ||£* — ¢7]|?. Note that

the probabilities m;; sum to one, as

n

ZZ Wij:-zlpizlzzlqw
1= 1=

i=1 j=1
and thus is not included in Problem since it is a redundant constraint. Therefore, Problem
is an optimal transportation problem that aims to minimize the overall cost of moving probability
mass from the initial distribution P to the target distribution Q.

Next, we briefly review the idea of scenario reduction, which approximates a distribution sup-
ported on n scenarios by another distribution supported on m scenarios, with m chosen to be
smaller, typically sometimes significantly, than n. As part of this approach, both the new reduced

set of scenarios {¢’}7", and their corresponding probabilities {¢;}}>, are estimated. In the next

section, we describe the two variants of scenario reduction — discrete and continuous.

2.2. Scenario reduction

In this section, we define the scenario reduction problem and its two variants. For notational

convenience, we denote P, (£!,...,£") as P,,.

DEFINITION 2. The discrete scenario reduction problem is defined as
Dy (P,,m)= m&n {Dw(P,,Q) :QeP({¢',...,£"},m)} (5)
DEFINITION 3. The continuous scenario reduction problem is defined as
CW(Pmm)Zﬂgn{Dw(Pm@) Qe PR, m)} (6)

In Problem , the new scenarios, which are a part of the reduced distribution Q, must be
selected from among the support of the empirical distribution, given by the set {¢*,...,£"}. In

contrast, the continuous scenario reduction prol%lem @ allows the scenarios to be chosen from



outside the set of observations, and offers better flexibility and approximation to the empirical
distribution.

However, in both these settings, the approximate distributions are computed without taking into
account the cost function c(z;&) and the feasible set Z. We address this in the following section,
where we first define a generalization of the Wasserstein distance between two distributions, and

later use it to compute scenarios tailored for the optimization problem at hand.
3. Problem-Dependent Scenario Reduction

In this section, we present our approach of scenario reduction, which we denote as PDSR in short,

where we restrict ourselves to two-stage stochastic optimization problems.

3.1. Problem Setting

Using the cost function defined in (2), we consider the general problem setting, given by

min f'z+E;| min ¢vy|.
z2€Z / f[yey(z,&)gy]

Here for any z and uncertainty value &, the second stage problem is given by the following linear

optimization problem

3 /
min
o gy

subject to A(§)z+ Wy > RE.

We assume the matrix A({) is a known affine function of the uncertainty, i.e.,
d
A =A"+> gA7,
p=1

for known matrices of appropriate dimensions A°, A!, ..., A9,
Next, we introduce two assumptions that are fairly common in the stochastic optimization lit-

erature.

ASSUMPTION 1. Relatively complete recourse: Y(z,§) # @ for any feasible first stage decision z € Z

and uncertainty &. 1



ASSUMPTION 2. Fized recourse: The second-stage cost vector g and recourse matric W are not

affected by uncertainty.

Assumption [2 can also be stated as uncertainty only affects the right hand side R — A(&)z. Con-
sequently, the (non-empty) dual polyhedron of the second-stage problem {A\|[W'A < g} is identical
for all realizations of £&. We note that the fixed recourse property has been exploited in various effi-
cient methods to solve two-stage stochastic optimization problems (Higle and Sen/[1991, Homem-de
Mello and Bayraksan|2014)).

Under this assumption, when the second-stage has only continuous variables which enables the

use of linear optimization duality, the cost function ¢(z,£) in is of the form

d
c(z;§)=f'2+ max X(Rf—(AO—i-ZﬁpAp)z).

A>0,W/A<g

3.2. Problem-dependent divergence

In this section, we present our definition of problem-dependent divergence, to quantify the difference
between two scenarios that takes into account the problem structure. We note that our definition
includes the Wasserstein distance with /, norm as a special case.

First, we define z*(n) as an optimal decision corresponding to the scenario 7, and is given by

2"(n) € argmin e(z;7).

For simplicity, we assume that there exists a unique optimal solution for every possible scenario 7,
but we relax this assumption later.
Next, we define a variant of the Wasserstein distance metric between two probability distributions

P, @ with respect to the cost ¢ and constraint set Z as D(Q,P|c, Z).

DEFINITION 4. Let P and Q be two discrete probability distributions in R¢, given by

P=> pd(&), Q= q;6(¢)
i=1 12 Jj=1



respectively. Then, D(Q,P|c, Z) is given by the square root of the optimal objective value of the

following linear optimization problem:

D?(Q,P|c,Z) = min ZZT(U <c(z*(§j);§i) — c(z*(fi);§i)>

nxm
F€R+ i1 i1
subject to Zﬂ'ij =p;, Yi€|[n], (7)
j=1

n
jg:?Tm':ZQj, Vj S Un]
=1
We denote this as the problem-dependent divergence between the two distributions P and Q, with
respect to the cost function c¢(z;y) and constraint set Z. It is a non-symmetric measure of the
difference between two probability distributions, and hence not a metric distance. Specifically, it
is a measure of the loss in decision quality when Q is used to approximate P. We observe that the

optimal value of the optimization problem is guaranteed to be non negative, as

c(z;€Y) > e(2%(€Y);€") =min c(2;¢") Vze Z,

2€Z
and hence, each term is positive for any choice of Q.

We note that the Wasserstein distance Dy, can be recovered as a special case of this divergence
when the cost is given by ¢(z;y) = ||z — y||3, the squared Euclidean distance between z and y, and

the constraint set as Z =R?. That is,
D(Q,P|[lz = y[%RY) = Dw (P, Q).

To see this, we note that the optimal decision for any scenario 7 is given by

z*(n) € argmin ||z —n||*=7.
z€R4

Hence,

e(=7(C):8) = ll"(Q) ¢l
= ¢ -¢l?,

and
min (1) = =€) ~ €[* = 0.

and we conclude that Problem is equivalent 1t§ Problem .



3.3. Stability

Recall v(P) = min,cz Eyplc(z;Y)], the optimum cost assuming distribution P for uncertainty Y.
A stability result bounds the difference between v(IP) and v(Q), where Q is an approximation of
the distribution P, in terms of a distance metric between P and Q. Thus, this motivates scenario
reduction, where if we have a new distribution Q with a smaller support than the original distribu-
tion P but is close enough to P in terms of this metric, then we obtain a problem that is not only
computationally easier to solve than but also is guaranteed to provide a good approximation
in terms of optimal values.

In the definition of Wasserstein distance with Euclidean metric in , the unit transportation
cost between two scenarios £ and ¢ was set to be ||§ — (]|?, but generally it represents a distance
between ¢ and ¢, which we denote as d(&,(). Thus, the problem-dependent divergence can be

viewed as a general Wasserstein-type distance with the cost function replaced by

d(§,¢) = c(27(€);€) — c(2"(£);€)

In order to derive a stability result corresponding to this d, we first note that d need not be a
distance metric; it only needs to satisfy the following two conditions:

1. Symmetricity, i.e., d(£',&) =d(&,&)

2. d(&,&')=0 < ¢=¢ . Note that this ensures D(P,Q) =0 «<— P=Q.

Thus, we define

35(6,€) = 5 (d(6:O) +d(.6)).

Clearly, condition 1 is satisfied as this ensures that dg(&,&') = ds(€',€). In order to satisfy the
second condition, we first note that £ =( = dgs(£,() =0. For the other direction, we note that

ds(&,¢) =0 implies that both the terms d(&,(),d((,§) are each 0. Thus, we see that

ds(&,¢) =0 = 2"(£) = 27(¢).

Consequently, we introduce the following assumi)iion to ensure that Condition 2 holds.



ASSUMPTION 3. For any two scenarios &,(, we must have that

() =27(¢) = £=¢

In other words, if the optimal decisions for two scenarios are the same, then the two scenarios
must themselves be identical. For instance, if ¢(z;Y) = 32’ A(Y)z + 2’b with constraints Z = R">
and A(Y) > 0 for any random Y with A({) = A(¢{) = £ =(, then this condition holds.

Next, using this framework, we modify the definition in to formally define Dg(Q,P|c, Z) as

D%(Q,HC,Z) :ﬂer]grilrxlm %ZZW“ (C(Z*(CJ),S) _gggc(z;gi) —1—0(2*(51');@*]') _ rzneigc(z; C]))

+ j=1 i=1

subject to ij =p;, Vi€|n],
j=1

Zﬂ—ijZij VJe[m],
=1
(8)
which we shall refer to as “Problem-dependent divergence” (or, PDD) from now onwards in the

rest of this paper.

REMARK 1. We emphasize the equivalence of dg(-) to traditional Wasserstein distance with

Euclidean metric still holds when ¢(z;y) = ||z — y||?, as in this case,
c(2"(€);€) = 1€ = &lP = c(2"(£); ).

REMARK 2. We also point out that the traditional (Euclidean or ¢;) norm can also be added to
dS (57 C) as

ds(§,0) =5 (d(&,¢) +d(¢,€)) +pllg = CI1%,

N | =

for some appropriately chosen nonnegative scaling factor p > 0, with the resulting divergence still

satisfying both Conditions 1 and 2.
Next, in order to define a stability result in terms of Dg, we introduce the following assumption.

ASSUMPTION 4. There exists a nondecreasing function h:R; — R, with h(0) =0 such that

|e(2:6) = e(z: Ol hlll=ll) ds (€, ©)-



Such a condition can be proven for particular classes of problems when dg is the Euclidean norm;
for instance if the set of dual solutions of the second stage problem is bounded and locally Lipschitz
continuous, then this assumption follows from Proposition 3.3 in Romisch and Wets (2007)).

Finally, for Theorem (1] to hold, we note that Assumption [2| can be replaced by a less stringent
assumption that requires dual feasibility for any scenario . Note that Assumption [2] of fixed
recourse implies that the dual feasibility condition is satisfied.

Next, we present the following stability result. For ease of exposition, we present it for the case
of discrete random variables, but we note that it can be replicated for the continuous case as
well (Dupacova et al.[2003]). We assume that £ is a random vector which takes values in the finite

set =, with |Z| = N.

THEOREM 1. Under assumptions[1{{], there exist constants p >0 and € >0 such that whenever Q
lies in the set of distributions whose support is contained in = with
N N

> ezE0p(E) = elz:6)a(E)

i=1 =1

<e

—

sup
z€ZNpB

we have
[v(P) —v(Q)| < h(p) D5(Q, Plc, Z).

Here the set B € R% is the ball centered in the origin with unit radius, and p(€),q(§) are the

probabilities of scenario & under distributions P,Q respectively.

Proof The result follows from Proposition 3.3 in (Romisch and Wets|2007)).

Theorem [If implies that if we have a new distribution QQ that is reasonably close to the empirical
distribution P, then the absolute value of the difference between optimal objective function value
corresponding to Q and the SAA objective will be bounded by the value of the problem-dependent
divergence D% between both distributions multiplied by a constant, h(p). For a more detailed

discussion on this general topic, we direct the r(3136der’s attention to Rachev| (1991)).



3.4. Problem Formulation

Analogous to Problem @, we define the continuous problem-dependent scenario reduction problem

as

C*(P,,m;c, Z) = rrgn {Di(Q,P,|c,Z) : Qe P(RY,m)}. 9)

We denote by B(I,m) the family of all m—set partitions of the set I, i.e.,
B(I,m) = {{11,...,1m} :@#Il,...,lmgl,ujlj:I,IiﬂIjZQVi#j}.

Also, we denote a specific m—set partition as {I;} € B(I,m). Next, we present the following result,
which is similar to Theorem 1 in |[Rujeerapaiboon et al. (2017)), that reformulates the continuous

problem-dependent scenario reduction problem @D as a set partitioning problem.

THEOREM 2. The problem-dependent scenario reduction problem @D can be written as the following

problem of finding an m—set partition that optimizes the following problem:

CQ(P"’m;C’Z):I,erg(i}ln) E mm E )frréigc(z;fi)Jr
f ,m z

i€l

c(z*w);c) min c(2 cy))

(10)

Proof Following the argument of Theorem 2 in Dupacova et al.| (2003)), the optimal problem-
dependent divergence (PD) between P, and any distribution Q supported on a finite set ¥ is given

by

min_ D3(Q.Bfe 2) = 1Z2mm (O3 e (E) e((€):0) ~ Q)

QeP(¥,00) (e‘ll
where P(W, 00) denotes the set of all probablhty distributions supported on the finite set W. The
continuous scenario reduction problem @, but with PD instead of the Euclidean distance, can be
written as the following problem of finding the set ¥ with m elements that leads to the smallest
objective value. Letting ¥ = {(*,...,{™}, we have

C*(P,,m;c,Z) = min 1 min (c(z*((j);fi) — (&) +e(z(€);¢) —c*(Cj)>. (11)

¢L...cmn J€[m]
=1 17



Next, we show that Problem is equivalent to Problem (10). Given an optimal solution ¢}, ..., "

to Problem (|11]), we construct a partition such that

I, = {Z : C<Z*(Ci)a£1) —f—c(z*(fi;(:j)) —c*(¢?) = min {c(z*(Cf),fi) +c(z*(€i;gk)) - C*(Ck)}}

ke[m]
which leads to Problem having the same objective as Problem . For the other direc-

tion, given an optimal partition Ii,...,I,, and corresponding inner problem-minimizing scenarios

1

* 9200t

(" of Problem , it is easy to see that these scenarios will be an optimal solution of
Problem ([11]) with identical objective value. This completes the proof. [

Problem can also be interpreted as a clustering problem, where the n points £!,...,£" are
partitioned into m clusters with centroids (!,...,{™. Both the cluster assignments and the centroids
within each cluster are chosen to minimize the cumulative problem-dependent divergence to the n
sample points. For the j™ cluster comprising of points I;, each optimal scenario (7 is chosen as the

solution of the following problem:

¢l eargmin Y (e(="(0:€) + (= (€:0) ~mine(=50)).

z2€EZ
iGIj

When m =n, then the scenarios (' =¢°, Vi € [n] as Dg(P|P;c, Z) = 0. Thus, the optimal decision
is the same as SAA solution, which is the best that can be computed given this training data.
Next, we present a result that illustrates the flexibility of this approach. Specifically, for a class
of cost functions, we show that this framework finds the SAA solution with just one scenario, i.e.,
when m = 1. Consider cost function ¢(z;§) = 12’ Hz — 2'v(§) + u(§), with positive definite matrix
H and a full rank transformation v(-), i.e., v(§) =v(¢) = & =( that spans the entire space R?.

Also, suppose the problem is unconstrained, i.e., the constraint set Z = R"=.

ProrPOSITION 1. When m =1, solving the continuous scenario reduction problem @D leads directly

to the SAA solution.

Proof First, we begin by noting that the (unique) optimal solution corresponding to uncertainty

value £ is given by



for any £. Next, with some algebra, we see that dg(&,() is given by the following expression,

ds(€,¢) = (v(€) —v(¢)) H* (v(€) —v(C)).

The scenario reduction problem reduces to computing ¢, by solving
min Y ((€) —v(0) H (v(") —v(0)).
i=1

If L% (&) lies in the range of the mapping v(-), which is satisfied as v(-) spans the entire space
i=1
R< by our assumption, then the optimal ¢, will indeed satisfy
1 i
i=1

Finally, we note that the optimal decision under this new point distribution is given by
2(6) = Hw(C) = EnZH‘lv@')»
[

which is the SAA solution. [J

We point out that in this result, solving the scenario reduction problem in this setting with
m = 1 still requires solving the full SAA problem with n scenarios. While this means there is
no computational advantage by solving with a single scenario in this setting, it does indicate
the flexibility and modeling power of our approach. We emphasize that while traditional scenario
reduction aims to compute Q “close” to P, problem-dependent scenario reduction takes into account
the quality of decisions induced.

We note that in the presence of constraints or for other objective functions the estimation of
z*(n) may not, in general, be given by a closed form expression or even be unique. To address this
issue, we introduce a variant of PDD, where we consider the worst case over the set of optimal
solutions Z*((), for every (.

To be precise, we define

Z(Q)= (€ 2:6(5:0) Smipe(30) (12)

zez



and modify the definition presented in as

D3(Q,P|c, Z) = min ZZ”[ max {e(6)} - (€) +e(21(€): ) — ' (C)

TERMX™ zEZ*(C])
- j=1 i=1
subject to Zﬂ'ij =pi, Vi€|n],

Zﬂ'ij:q]‘, V]G[m]

i=1
Note that when Z*(¢?)Vj € [m] are each singleton sets, then (§) and are identical. We write
this equivalently as

D%(Q,P|c,Z) = min ZZW” [ max (z;gi) — c(z;gj)} — (&) +e(z(€);¢)

TERMX™ ZEZ*(C])
* =1 i=1
subject to Zm—j =pi, Vi€|[n],

Zﬂ'i]’:q]‘, VJE[m]
i=1
(14)

Next, we present our approach of scenario reduction in this framework.

4. Optimization Approach

In this section, we present our optimization-based approach for computing these scenarios. First,
we propose an algorithm motivated by Lloyd’s algorithm for k-means clustering, where it alternate
between computing m scenarios and updating assignments of points to the m clusters represented

by these scenarios.

4.1. Alternating-optimization framework

We assume a given initial solution of assignments 7 and scenarios (!,...,{™. The algorithm pro-
ceeds in an iterative manner, where given the m scenarios, the assignments of n points to m clusters
(or 7 variables) are updated in order to minimize D%. Once the assignments are fixed, the scenar-
ios (¢',...,¢™) are updated by solving an appropriate optimization problem within each cluster.

Once the change in the scenario values betweerb Successive iterations falls below a threshold or a



maximum number of iterations is reached, we terminate the algorithm. We repeat this procedure
with multiple random initial starts of assignments 7(®) and scenarios ((p), and choose the solution

with lowest in-sample D%.

Algorithm 1 Alternating-Minimization algorithm for PDSR,
1: procedure APPROXIMATE SOLUTION FOR PROBLEM ([10).

2: Start with random assignments 7© and () = (¢,...,(™).
3: Initialize t <1

4: while A >TOL and t< MAX_ITER do

5: For fixed ¢*,...,(™, assign points i to cluster j(i), where
gn p

j(@) €arg min Ds(¢",¢7)

6: For each 1 <1i<n, set ﬂft; «—1if j=7(i) and Wftj) =0 else.

7 For points in each cluster j € [m], solve for Cgt) € argmin, iéﬂg)l)g(gi,g).
8: A 2516w = Ce-nll-

9: Update t <t +1

10: end while

11: end procedure

A feature of this algorithm is that it is parallelizable, as each of the m scenarios, in Step 7, can
be computed in parallel. Next, we discuss methods to estimate the m reduced scenarios required

in Step 7 of Algorithm

4.2. Optimization approach for an upper bound

In this section, we present our approach for computing the scenarios. We restrict our analysis for

cost functions of the form

c(z;Y)= %12%2 ALY, (15)



for known matrices A;,1 <t <k. Also, we let the constraint set Z be a polytope given by
Z={zeR’*: Pz<q}.

Our strategy relies on solving a convex upper bound of the objective in . First, we note the

following result that provides an upper bound.

PROPOSITION 2. We have

max (=€) < max {e(=:€) — ae(=:) } + dmine(2:0).

for any & > 0.
Proof We begin the proof by noting that

Jmax - c(2)

=max inf ¢(z;€) +a—c(2;¢) + minc(2;())

2€Z a>0 €2

<infmax e(z:6) +a(—e(z:) +mine(20)),

by using the definition of Z*({) in and weak duality. The result follows by considering a fixed

a>0. O

PROPOSITION 3. For a piecewise bilinear cost function of form , a conver upper bound problem

for estimating {7, for a given set of points I;, is given by the following problem

min Z 0; + 2;

A0,y el

subject to  2*(&") Al <Vt e[k i€ I,

g\ <0, Vtek],iel, (16)
PIAY > A& —20) V€ [k],i € I,

A >0Vt e [k],ie ;.
22



Proof For any two scenarios &,(, we bound ds(&,() by

ds(¢, () < max (c(2;8) — (2 €) — ae(2;€)) + c(2*(£);¢) +amine(n; ¢) — (2" (£); €),

n

Z2EZ

=max (c(2;€) — (& +1)e(2;¢)) + amine(; §) +c(2*(§): €) — e(27(€):6),

< max( (2€) —2¢(%0)) +{,1"ggC(77;C) +e(27(§); ¢) — (27 (€); ),

z€Z

<max(max{z ALy — 2max{z AtC})—l—ZmaX{z (&) A} — (2 (€);9),

z€Z " telk

< maxmax{z'A;(§ — 2{)}+2max{z (§) A} —c(27(£);€)

z€EZ telk]

=maxmax 2z’ A;( — 2{)+2max{z (&) AiC} — (2" ();€).

te[k] z€Z
The first inequality follows from the definition of dg(-) and Proposition [2| the third inequality
follows from setting & =1, and the fourth from the definition of ¢ and replacing min,cz ¢(n;()
with ¢(2*(£); (), which is a further upper bound. Thus, summing these terms over points in I; and
omitting the constant terms c(z*(£%);£%), we solve the following approximate convex problem for
Cj
mlnz max{max 2’ A, (¢’ 2{)}+2max{z (&) AY).

telk]  z€Z

Reformulating this objective using linear optimization duality gives us the desired result. [

In Step 7 of Algorithm (1|, we solve Problem to compute the new reduced scenarios. Next, we
discuss statistical properties of our approach where we present conditions under which the solution
to the scenario reduction problem in this context reduces to the population mean, which is the
point-distribution solution obtained by Wasserstein scenario reduction when m =1.

Finally, we note that our approach shares some similarities and some key differences as compared
to Wasserstein scenario reduction with the Euclidean norm. When the cost function is the squared
loss with no constraints, then our divergence between the two distributions is exactly identical to the
Wasserstein distance between them. In such a case, the scenario reduction problem is equivalent to
traditional least squares clustering (Rujeerapaiboon et al.[2017)), and our optimization algorithm

recovers distributions identical to those obtaine(§3by the k—means algorithm (Arya et al.|[2004).



4.3. Justification of the upper bound

In this section, we characterize the solution obtained when optimizing the convex upper bound that
we present in Proposition [3] Specifically, we show that under some conditions on the uncertainty
distribution and on the cost function, the optimal scenario obtained for m =1 is simply the distri-
bution mean. We let the cost function ¢(z;&) = max{z’¢,0}, and denote 2*(£) € argmin, .z 2’{. We
emphasize that this is result is mainly for conceptual understanding of this method, and provides
a justification of the upper bound problem . First, we present the assumptions on the interplay

between the distribution of £ and the cost ¢ required for our result.

ASSUMPTION 5.
a. £ has a continuous distribution on U = {£ :min,cz 2'{ <0}, and a density of 0, elsewhere.
b. The mean E[¢] =€ is finite and satisfies z*(€)'€ > 0.

c. The distribution of & is symmetric about its mean &.

Regarding assumption 5a, suppose Z has K extreme points, with 2*,... 2% Let U* = {£:¢'2' < 0},
and not all of these sets are empty. It requires ¢ to have a non-zero density on U = UX  U* | which
is not necessarily a convex set. Thus, the mean &, does not necessarily belong to the set I/, which
is, partly, what assumption 5b requires. Finally, we point out that Assumption 5a does not mean
that the optimal cost of E[c(z;&)] is necessarily 0; indeed there still could be certain scenarios £
for which ¢(z;€) > 0 at the optimum z. The following result provides intuition on how our upper

bound objective focuses on such scenarios.

THEOREM 3. For m =1, if Assumption 5 holds and for this cost function c, the solution to the
upper bound problem is simply the mean €, which is also the corresponding solution for Wasser-

stein scenario reduction.

Proof The proof technique follows ideas presented in Theorem 1 in [EImachtoub and Grigas

(2017). The objective to be minimized can be written as

min B[L(6.¢)) = Bfmax{ma =€ 20).0] + 2Elmax{="(€) ¢, 0}



We restrict our expectation on £ to be conditional on & € U. Next, we restrict our analysis to ¢ that
satisfy both min.cz 2/(2¢ —€) < 0 and 2*(£)'¢ > 0. We will prove that ¢ satisfies the first condition,
with the second condition satisfied by assumption 5.2, which guarantees the existence of atleast
one feasible (. Now, since L is the sum of two functions, where each is a point-wise maximum of a
convex function, and hence is itself convex.

Next, we show that L(¢,() is finite for any such (, as

L(E.€) < | max /(€ — 20| +2/¢'=* (),
< (€~ 21 +2/¢ls) max ||
< (l€lh +4l¢l) max 2 oo-
Thus, E[L(&, ()] is bounded, as E[¢] is finite and hence E[||£]]1] is finite, and Z is bounded. Finiteness
of L implies that the partial derivative can be taken inside the expectation.

Using linearity of expectation and the fact that max,cz 2'(§{ — 2¢) = —min,cz 2/(2¢ — &), the
subdifferentials of E[L] is given by the sum of —2E[Z*(2¢ —¢)] and 2E[z*()]. Since the distribution
of £ is continuous on U, restricting 2¢ — £ to belong to U implies that Z*(2¢ — &) is a singleton with
probability one.

Under assumption 5c, & and 2€ — ¢ are equal in distribution, which implies that E[z*(2€ — ¢)]
and E[z*(£)] are equal, and hence, 0 € OE[L(¢,()]. Also, ¢ = ¢ satisfies both min,cz 2/(2¢ — &) <0
and 2*(£)'¢ >0 from Assumptions 5.1 and 5.2 respectively. Thus, we conclude that £ is an optimal
solution of the convex Problem . g

We emphasize the key intuition that the upper bound, by combining over existing data points,
seeks to find scenarios that affect the cost. This follows from the fact that z*(£)'¢ > 0 implies that
any feasible z will also have a positive cost, i.e., 2’ > 2*(£)'€ > 0Vz € Z. Finally, we point out that
as we consider uncertainties £ that have min,cz 2’¢ <0, we use 2*(£) € argmin,cz 2’{. Thus, this
z*(€) is also a solution to min,cz max{z’¢,0}, which is what we denote as z*(£) while defining the

upper bound in Proposition 95



4.4, Performance Bound

In this section, we present a performance bound of our approach. First, we assume that the cost

function c(+,-), for some known M > 0, satisfies

(=€) ~mine(z€) < 5 2~ =" @I (1)

zEZ
with a unique optimal solution z*(§) for all values of uncertainty ¢. Next, we assume that z*(£), as
a function of &, spans R?%. Finally, we assume that the set Z lies within the Euclidean unit norm

ball ||z]| < 1. Next, we define the worst-case value of (9) as

C2(m,mic, )= max {@2<Pn,m;c,z> el <1ve supp(Pn>} (18)

[@n EP(Rdvn)

THEOREM 4. The worst-case quantity C(m,n;c, Z) is bounded above by /M "=

Proof We note that

C*(m,n;c, 2) = max | {mén {DLQ,P,|c,Z) :Qe PR m)}: ||l < 1VE € SUPp(Pn)},
PpeP(R%,n
= e B me > (el (@) €) ~mine(zz)+
ll¢t||2<1Vie[n] I;€B(I,m) gy
1€l

( “(€):¢7) ~mine(z¢7)),

M ) )
< max min E mln E |2 (€D = 2* (¢
l€éllo<1Vie[n] I;€B(I,m) 2 127(€%) (I

lE[j
DIIEIT SRl
= max min — — ||z —mean(z* el
= X i 5 127(€9) (z"(£") D7
jZl iGIj
m
M . .
<  max min = — E E |2" —mean(z’:i € I;)|?,
|2 lla<1¥ien] L;EB(Im) N
j=1 ’iEIj
B n—m
- n—1"

The first inequality follows from , the following equality from our assumption as the existence
of ¢ that 2*(¢) = mean(z*(§') : 7 € I;) for any I; is guaranteed, the next inequality from optimizing
directly over the decisions 2* and relaxing them to lie in the unit norm ball, and the final equality

from Theorem 2 in Rujeerapaiboon et al.|(2017). O
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5. Computational Examples

In this section, we compare our method of scenario reduction with other approaches from the liter-
ature. We consider a synthetic example of portfolio optimization, followed by some test examples
from the stochastic optimization literature, including airlift allocation (gbd) and electric power

expansion planning (APL1P). First, we present some details on our computational experiments.

5.1. Experiment Details

For each problem, we first fix a value of n, the size of training set. We generate n training samples
of uncertainty &1,...,£" from the population distribution, and run the scenario reduction methods
for different values of m. Once each of these methods outputs a final distribution, we compute the
optimal first-stage decision under each, and expose it to a test set, which we generate from the
same population distribution. In our computational results, we compare the Prescriptive cost (for

Q obtained by any scenario reduction method):

5 el (@),

i€S

We report this metric for the test S, as the out-of-sample cost. For each n, we repeat this by
sampling a different n training set sample, and report the average value across these experiments.

We compare Euclidean-norm based Wasserstein scenario reduction (WSR), our method of
Problem-dependent scenario reduction which we denote as PDSR, Importance sampling (IS) and
Monte Carlo sampling (MC). For our PDSR method, the reduced scenarios are computed using
the alternating-optimization Algorithm [I| with different random restarts, similar in spirit to the k-
means algorithm. We implement Wasserstein scenario reduction as the k means clustering method
on the training set, using the Clustering package in Julia. While importance sampling was origi-
nally introduced by [Infanger| (1992), we implement it as presented in Papavasiliou and Oren| (2013]),
where we sample m scenarios based on the relative importances that are obtained by solving the
static problem (same recourse value for all uncertainties) over the entire training set. Finally, we
implement Monte Carlo sampling where we simply sample m scenarios with replacement from
the training set. We implement all algorithms in Julia (Bezanson et al. [2012), using the JuMP

framework (Dunning et al.|2017) and Gurobi as2gle optimization solver.



5.2. Portfolio optimization

First, we consider a portfolio optimization problem, for a distribution QQ, where the problem is
given by
1
(2*(Q),5*(Q)) carg min  Ey.g|B+ - max{—2'Y — 3,0} — X\2'Y
€

zeRi,Be]R

subject to  e'z=1.

We generate the returns Y sampled as
Y:u+2i,
where 1~ N (0, Ixq), the noise € ~ N(0,0%1,.4) and the covariance matrix 3 with entries given by
¥, =pl vl <i,j <d.

We sample n points from this distribution, with n = 100,d = 5. To compute the out-of-sample cost,
we expose the decision computed by each method to a test set, of size 100,000 points, generated
from the same distribution as the training set and average the cost over these points. We repeat this
procedure for 100 instances (100 different training and test sets) for each m, and report the average
cost incurred by each method. We fix parameters €, \ as ¢ = 0.05, A\ = 0.01, and the correlation
parameter p =0.1. The parameter p controls the correlation levels of the stock returns, with p =0
implying no correlation, while p closer to +1 (—1) results in more positively (negatively) correlated
returns. We threshold the returns data from below to ensure they do not fall below —1.0.

We present results when the noise level, or standard deviation of the noise term, o = 1.5. We
note that the difference in performance between PDSR and the other methods is statistically
significant at the 0.05 significance level, by performing a Wilcoxon signed-rank test. In Figure
we compare the expected out-of-sample performances of the distributions produced by various
scenario reduction algorithms. We see that the PDSR method outperforms all the other methods
for smaller values of m, while the gap narrows as m increases to 50. This indicates the value in

incorporating the cost function in the scenario C2o§nputation procedure.
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Figure 1 Average out-of-sample costs for reduced distributions generated by WSR, PDSR, MC, and IS as a

function of m, the number of reduced scenarios (o =1.5)

As we increase the noise to 0 =2.0 and o =4.0 in Figures and respectively, we observe
that PDSR is still able to maintain its performance at large m (m = 50), while the other methods

converge slower. At the same time, note that the gap in performance is still maintained for smaller

m values. 99
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Figure 2 Average out-of-sample costs for reduced distributions generated by WSR, PDSR, MC, and IS as a

function of m for higher noise levels

Next, we present two test problems (ghd, APL1P) from the stochastic optimization literature,
and compare different methods on these problems. The following descriptions of gbd and APL1P are
taken from |[Linderoth et al.| (2006]) and Infanger (1992)) respectively. These problems have piecewise
separately linear costs as objectives, with ¢(z;€) = f'z + maxyea{N' (Az + BE)}. We modify our
experiments slightly, where we now restrict both the Fuclidean-norm based Wasserstein and our
method of scenario reduction to choose scenarios from the training set at each iteration, while
keeping everything else the same. We run Algorithm |1, with same parameters (number of initial

random re-starts, maximum iterations, convergence tolerance), for both Euclidean-norm based
Wasserstein scenario reduction and our method of scenario reduction, with the only difference being
the objective being minimized. Also, for our method, since estimating the cost function repeatedly is
computationally expensive, we approximate the cost as ¢(z; &) = f'z+maxycn1, any {N (Az+BE)},

where A!, ..., \" are the dual solutions that we %r(?—compute for each of the n training data points.



5.3. Aircraft allocation

This problem, also denoted as gbd in the literature, is derived from the aircraft allocation problem

described by |Dantzig (1963)). Here, aircraft of different types are to be allocated to routes in

a way that maximizes profit under uncertain demand. In addition to the cost of operating the

aircraft, there are costs associated with bumping passengers when the demand for seats outstrips

the capacity. In this model, there are four types of aircraft flying on five routes, and the first-stage

variables are the number of aircraft of each type allocated to each route. (Since three of the type-

route pairs are infeasible, there are 17 first-stage variables in all.) The first-stage constraints are

bounds on the available number of aircraft of each type. The second-stage variables indicate the

number of carried passengers and the number of bumped passengers on each of the five routes, and

the five second-stage constraints are demand balance equations for the five routes. Each of the five

demands is assumed to follow a discrete distribution, as detailed in [Linderoth et al. (2006). We

use problem data, formulation, and uncertainty distribution from http://pages.cs.wisc.edu/

~swright/stochastic/sampling/. 31
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Figure 4 Average out-of-sample costs for reduced distributions generated by WSR, PDSR, MC, IS, and SAA as

a function of m, the number of reduced scenarios

In Figures [3] and [4] we observe a similar pattern where the PDSR method outperforms the
other methods when the number of scenarios is smaller (m =2,3,5), while this performance gap

diminishes as more scenarios are included (m = 10, 50).

5.4. Electric Power Expansion Planning

This test problem, denoted as APLIP in the literature, is a model of a simple power network with
one demand region. There are two generators with different investment and operating costs, and
the demand is given by a load duration curve with three load levels: base, medium, and peak.
The 2 first-stage decision variables denote the capacities which can be built and operated to meet
demands from the three load levels. The uncertain quantities are the three demand variables, and

availabilities of the two generators. There are 8 ffcond—stage decision variables, which denote the



operating levels of generators in each load level and slack variables, which allow unserved demand

to be purchased with some penalty and also ensure complete recourse. We use the problem data,

formulation, and uncertainty distribution as presented in [Infanger| (1992).
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Figure 5 Average out-of-sample costs for WSR, PDSR, and MC for each of m =2,3,5,10,50
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Figure 6 Average out-of-sample costs for reduced distributions generated by WSR, PDSR, and MC as a function

of m, the number of reduced scenarios

In this example, we omit displaying Importance sampling (IS) in Figures [5| and |§| as it was
uniformly outperformed by all the other methods. Interestingly, Wasserstein scenario reduction and
Monte Carlo sampling perform very similarly, but both are outperformed by PDSR, particularly
when m is small. The previously observed pattern repeats here as well, as PDSR outperforms other
methods for smaller values of m (m € {2,3,5,10}), while all methods perform at a similar level at

large value of m (m = 50).

5.5. Observations and Discussion

1. In each of the preceding examples, the performance of all the methods, to a large extent,
improves monotonically as m increases. This is expected, as a higher m means higher degrees

of freedom for the final reduced distributiog5



6.

. In each of the preceding examples, the recurring pattern we observe is that the PDSR method

performs very strongly when m, or the degrees of freedom, is small, compared to n. It outper-
forms state-of-the-art standard methods for scenario reduction at the same m. However, this
edge decreases with increasing m, and some times for higher m PDSR is not the best (which

is the case for the APL1P example).

. A consequence of the previous observation is that, at times, the PDSR method flattens earlier,

and improvement is gradual as m becomes closer to n. However, in both the test examples
(gbd, APL1P), we observe substantial improvement from m = 10 to m = 50 for all the methods.
Note that this improvement for PDSR is still lesser (in absolute terms) than the improvement
of the other methods from m = 10 to 50, simply because they have more ground to cover in
order to catch up as the performances of MC, WSR, PDSR are all identical or very close to

that of the SAA solution at m =n.

. For the synthetic portfolio example, the increase in noise variance, o, reduced the gap in

performance between WSR and PDSR at higher values of m. The increase in noise affects the
scenarios computed by the PDSR method via the cost function, as opposed to WSR where it
affects the scenarios via their Euclidean norm. This could result in performance gains when

the cost function is relatively stable to perturbations in the uncertainties Y .

. For the same portfolio example, an interesting trend with the increase in noise is that the

performance of all the methods becomes similar for m = 2, indicating that even PDSR needs

at least a certain minimum degrees of freedom to shine at higher noise levels.

Conclusion

In this paper, we introduced a novel optimization-based framework that combines ideas from sce-

nario reduction and convex optimization to compute scenarios that lead to improved decisions.

Unlike most existing approaches, our approach is general and applies in a wide range of settings.

We propose a new quantity that generalizes the traditional Wasserstein distance with the Euclidean

metric by taking into account the problem structure, i.e., cost and constraints. Under some assump-

tions, we demonstrate a stability result that ei%ablishes that minimizing this quantity leads to



good solutions, and propose an algorithm for estimating scenarios in this context. With the help
of computational examples on real and synthetic data, we provide evidence that our approach
consistently outperforms other state-of-the-art standard methods such as cost-agnostic standard
Wasserstein-based scenario reduction, and random sampling based approaches such as Monte Carlo
and Importance sampling. While the improvement in performance holds across different choices of
the number of scenarios m, it is particularly enhanced when m is much smaller than n.
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